Generalized Differential Galois Theory 



by 

Peter Landesman 

A Galois theory of differential fields with parameters is devel- 
oped in a manner that generalizes Kolchin's theory. It is shown 
that all connected diff"erential algebraic groups are Galois groups 
of some appropriate diff"erential field extension. 

Introduction This paper may be viewed as the next step in E. R. Kolchin's 
work on the foundations of differential Galois theory. In [7, 1948], Kolchin 
was the first to formulate the Galois theory of differential fields in the current 
standard of mathematical rigor. In [9, 1953], he defined strongly normal 
differential field extensions, generalizing Picard-Vessiot extensions, so as to 
include the non-linear algebraic groups as Galois groups. In his first book [121 
1973], the properties of these Galois groups are axiomatized as the category 
of C-groups for a field of constants C and are shown to be the Galois groups 
of strongly normal differential field extensions. In his second book [131 1985], 
Kolchin develops more general axioms to define the category of differential 
algebraic groups. This paper defines a generalization of strongly normal 
differential field extensions and shows that these extensions have a good 
Galois theory for which the Galois groups are differential algebraic groups. 

A differential algebraic group or E-Q-group (Definition 11.231) . where E = 
{ei, . . . , em} is a commuting set of derivations acting on a field C, is a group 
that may be thought of a set of zeros of a system of differential equations in 
13-derivatives over C. It is endowed with the E-C-Zariski topology for which 
the closed sets are the zeros of a system of differential equations and the op- 
erations of the group structure are defined by differential rational functions. 
In Cassidy's treatment of affine differential algebraic groups [1], this is how 
they are defined. However, in Kolchin's exposition [TB], this definition is a 
consequence of the extensive development of Kolchin's differential algebraic 
group axioms. 

To see how Kolchin's theory of strongly normal extensions can be en- 
riched, consider two sets of mutually commuting derivations E and A acting 
on a field 5". Let IX be a universal differential extension field of 3" with re- 
spect to both E and A, and let J' contain the A-constants C of U. Let 
S be a subfield of IX containing 5" which is closed under the operation of 
A. If S over 3" is a strongly normal extension of A-fields, in the sense of 
Kolchin, the set of A-isomorphisms of S into U over 5", when U is viewed as 
a universal differential extension of 3^ with respect to A, has the structure 



of an algebraic group defined over C. All the A-isomorphisms are obtained 
by sending the A-generators of S to rational expressions in the A-generators 
of S and their A-derivatives, with A-constants in U as coefficients. These 
constants are not necessarily constants with respect to E. The generators of 
S may satisfy differential equations in E as well as A. A A-isomorphism of 
S into It will extend to an E and A isomorphism of the E and A field 
generated by E-derivatives of S if and only if it maps solutions of the system 
of differential equations in E and A to other solutions of the same system. 
The A-isomorphisms of S into IX which extend to E and A isomorphisms 
of "K form a differential subgroup H of G defined by differential equations 
with respect to E. If the field C of A-constants of 3" is equal to the field of 
A-constants of J{, then it will be shown that H is a Galois group for J{ over 
5" (Corollary 13.711) . That is: subfields of IK closed under both E and A are 
in bijection with subgroups of H defined over C by E-equations. 

In addition to proving the fundamental theorems of a Galois theory, this 
paper will show that each differential algebraic group is the Galois group of 
some generalized strongly normal differential field extension (Theorem 13. 66p . 
Then there is a short section on the generalized strongly normal extensions 
that are induced from strongly normal extensions (Section 13. 5p . At the end 
of the paper, examples of generalized strongly normal field extensions are 
constructed for each differential algebraic subgroup of Ga and Gm- This sec- 
tion is dependent on ideas of Johnson, Reinhart and Rubel [4j, which are 
developed in an appendix. Examples with non-linear Galois groups will ap- 
pear in another paper, and the geometric consequences of this Galois theory 
is a work in progress. 

Several other people have developed Galois theories of differential fields: 
Drach p], Vessiot |24J, Pommerat [19j, Umemura [22j [23j, Pillay p] [17J [18] 
and Kovacic [6j. Although the Galois groups of Pillay's theory are differen- 
tial groups, they are only algebraically finite dimensional. Since a differential 
algebraic group may have infinite algebraic dimension (even though its differ- 
ential dimension is finite), the Galois theory developed here includes infinite 
dimensional groups. 

One may speculate as to why this generalized Galois theory was not pre- 
viously realized. One reason may be that since the simplest new examples 
are of infinite algebraic dimension the symmetries are difficult intuit. Also, 
because the finite dimension examples all necessitate two commuting deriva- 
tion, those working in Picard- Vessiot theory do not usually work with two 
derivations since Kolchin showed that the Picard- Vessiot theory with several 
derivations is subsumed in that with one derivation [8]. 

I wish I could thank Professor Kolchin for teaching me his special field of 
expertise. I also wish to acknowledge the assistance and encouragement of 
Professors Phyllis Cassidy, Richard C. Churchill, Jerold Kovacic and William 
Sit, who sat through a series lectures in 2001-2004 during which I explained 
the theory presented in this paper. Cassidy and Singer used these ideas to 
write an exposition of the linear case [2] where they cite this work as my 
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forthcoming thesis. 

A Simple Example 

The following finite dimensional example will serve to further elucidate 
the nature of the generalization herein and to exhibit its relationship with 
the standard Picard-Vessiot. Let C be the complex numbers, and let C[i,a;] 
be a polynomial ring in two variables with standard derivations Dt and D^- 
Consider 3"= C(t, x, cost, sin t) and S = 3'(log x sin t) = 5'(logx) as differen- 
tial fields with respect to Dt and D^- Let C = C(t, cost, sin t) be the field of 
Da;-constants of 3", and let U^"" be the same of U. Note that in this example 
the Dt-field generated by S is S, and the field of D^-constants of S equals 
that of 3^. 

Let 7] = log X sin t, and ( = sint/x G 3". Then rj satisfies the equation 
DxTj = (, and S as a D2.-extension over 3" is a strongly normal extension in the 
sense of Kolchin. The Galois group Isom^^(g/9^) = Aut^^ (311^^3^^') is 
isomorphic to the additive group U"^^ , is defined over C, and will be denoted 
by Ga via this identification. More explicitly, consider a G Aut^''(S/3'). 
Then, in order for a to commute with Dj., arj must again be a solution 
to this differential equation, and therefore arj must equal 1] + p{(j), where 
p((t) G U^"^. There being no other algebraic conditions on p(o"), the map 
p : o ^ p{a) defines a group isomorphism between Isom'^'"(S/5') and the full 
algebraic group Ga- 

Let 7 = cos t/ sin t G 5". Then rj also satisfies the differential equation 
DtV — 7?7 = 0. Indeed, in the (D^., Dt)-differential polynomial ring 3^{y}, 
it is easy to verify that the two differential polynomials A{y) = D^y — ( 
and B{y) = Dty — 7?/ form a characteristic set of a linear differential ideal 
*P = [A{y), B{y)] (relative to any ranking) with 7] as a generic zero over 5". 

Consider a in the subgroup H = Isom^*'^^ (g/3^) = Aut^*'^^(gU^V9^^") of 
Isom'^^(S/3') = Ga- Then a must map 77 to a generic solution of %i- Thus = 
B{a{vi)) = B{ri+p{a)) = B{p{a)), which implies that p{a) = c(ct) sint, where 
c((t) is a constant with respect to Dt- But p{a) is a Di.-constant, and so c(cr) 
must be one, too. Conversely, it is clear that given any Dt constant k G U^"", 
the map a where a{7]) = rj+k sin t is the unique isomorphism of S over 5" with 
c((t) = k- Therefore, p{H) is a differential algebraic subgroup of Ga defined 
over the Z)2.-constant field 2? = C{t, cost, sint) of 3" by the prime differential 
ideal [B{y)] in the D^-differential polynomial ring D{ ?/ }, or equivalently, the 
prime differential ideal [D^y, B{y)] in the { D^, iJ t)-differential polynomial 
ring 3^{y}- See a proof just after Proposition 14.801 
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1 Group of Isomorphisms 



1.1 Notation 

To define the category of differential rings, as developed by Ritt and Kolcliin, 
fix a set A = {^i, . . . , Sm}- The objects, called A-rings or differential rings, 
are rings on which the set A acts as commuting derivations. The morphisms, 
called A- homomorphisms or differential homomorphisms, are ring homomor- 
phisms that commute with the action of A. Many terms of algebra, such as 
ideal, field and extension, have straightforward interpretations the category 
of A-rings and are indicated by the modifier "A" or "differential" . However, 
"A-embeddings" are referred to as "A-isomorphisms" , and the now standard 
term "radical ideal" is used in place of Kolchin's "perfect ideal" . 

Henceforth, all rings are assumed to have characteristic zero. Throughout 
this chapter, the set of commuting derivations A = . . . , 6^,} is fixed, and 
3^ is a A-field. 

Standard notation will now be reviewed from [12]. The A-polynomial 
algebra 3^{yi, . . . , yn}A over 3^ in A-indeterminates yi, . . . ,yn is the polyno- 
mial ring over 3" having one indeterminate for each derivative of yi, . . . ,yn 
on which A operates in the expected manner. (For details see Kolchin pr2l 
pages 69-71].) If S is a subset of 9^{yi, . . . ,yn}A, the A-ideal generated by 
S is denoted by [S]a (or [si, . . . , s^Ja if S = {si, . . . , s„}), and the radical 
A-ideal generated by S will be denoted by {S}a- Let S be a A-field that is 
a A-extension of 3", and let T be a subset of S- The A-ring generated by 
T over 5" is denoted by J'lTjA (or 3^{ti, . . . , tn}A if T = {ti, . . . , t„}), and 
the A-field generated by T over 3^ is denoted by 3^{T)a (or 3^{ti, . . . ,tn)A 
if T = {ti, . . . , tn}). If T is a finite set, the A-ring 3^{ti, . . . , tn}^ and the 
A-field 3^{ti, . . . ,tn)A are said to be finitely A-generated by T over 3", or, 
for simplicity, A-3^ -finitely generated. If R is any A-ring, the symbol 
denotes the constants of R with respect to A, i.e. the elements a oi R such 
that 5a = for every 5 G A. 

A A-field U containing a A-subfield 5" is called A-universal over J if 
the following conditions hold: for each A-field S of IX finitely A-generated 
over 3" and for each A-field (not necessarily contained in U) finitely A- 
generated over S, there exists a A-isomorphism of % into IX over S. The 
existence of A-universal A-extension of any A-field is established by Kolchin 
in [121 Theorem 2, page 134]. Such an extension contains all the solutions to 
differential equations over 3" necessary in Kolchin's work. 

1.2 Specializations 

In this section, let 3" be a A-field, and let U be a A-extension of 3" that 
is A-universal over 3". Let S be a A-extension of 3" in U over which IX is 
universal. 
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Definition 1.1 {Pre-orders on VJ) For t] = {rji, . . . , 77^) and ^ = (^1, . . . 

in "W , define the pre-order hy rj ^ ^, called A-specialization over S or A- 

S 

S-specialization, if there exists a A-S-homomorphism of Sivi^ ■ ■ ■ ^vAa to 
S{6, • • • , ^r}A over g takmg r]i to for i = 1, . . . ,r . 

Definition 1.2 {A-S -Specialization of A-3^ -Isomorphisms) Let X = 

Isom^(S,'U). On the set X''' = X x ■ ■ ■ x X define a pre-order — > {or, 

S 

for simplicity, ^) called A-Q -specialization {of elements of X"') as follows: 

for o = (o"i, . . . , o"r) md T = {ti, . . . ,Tr) G X^ , a ^ T if there exists a 

S 

A-S-homomorphism (p : S{crig U . . . U o'rS}A S{tiS U . . . U t^SIa such 
that (j){a) = a and (j){aia) = Tia for all a in S (^nd i = 1, . . . ,r. 

In the above definition, note that the A-rings S{o"iS U . . . U a,.S}A C U 
and S{tiS U . . . U t^SIa C U are the same as the rings S[c"iS U . . . U cr^S] 
and S[riS U ... U r^S]- So that is in fact a A-S-homomorphism from 

Si^iSU. . .UcTrS] to Si^iSU. . .UXrS]. Also, since TjOUj"^ is a A-iF-isomorphism 
for all is a A-S-homomorphism if and only if it is a S-homomorphism 
(See pJl Lemma 1, page 385]). 

Lemma 1.3 Let rj = {rji, . . . ,rir) be a set of A- generators of S over J. 

For a,T E X^ , a t as in Definition if and only if (. . . , CTiTij, ...)—»• 
S S 

(. . . , Tir]j, . . .) as m Definition M.li 

Proof: (See 0^2] Lemma 2, page 386] for a statement of the same lemma with- 
out a proof.) If cr —> r, the A-S-homomorphism (j) : S{o"iS U . . . U CTrSjA — *■ 
s 

S{tiS U . . . U r,.S}A of Definition 11.21 restricts to a A-S-homomorphism p : 

S{. . . , (r,r]j, . . .}a ^ S{. • • , Tir]j, . . .}a, and (. . . , airjj, . . .) ^ (. . . , TiT]j, ...). 

3 

On the other hand, if (. . . , Cirjj, ...)—*>(..., r^r^j, . . .), then there is a A-S- 

s 

homomorphism p : S{- • • , o'iVj: ■ ■ ■}a S{- • • , Tirjj, . . .}a. Let 3 be the ker- 
nel of p. Since the image of p is in 11 and, therefore, an integral domain, J is a 
prime A-ideal. Let S{- • • , CTifjj, . . .}a,3 be the localization of S{- • • , o'iVj: ■ ■ -Ia 
at 3, and let the induced A-S-homomorphism of S{- • • , cnVj^ ■ ■ ■}a,3 into the 
quotient field of S{- • • , TiTIj, . . .}a be 

p: S{- • • , cTiVj, ■ ■ ■}a,o QF{S{- ■ ■ , rir]j, . . .}a). 

The A-S-homomorphism p restricted to 3^{air]i, . . . , cTjr^njA is the A-S^-isomor- 
phism Ti o a^'^ : aS tS restricted to 3^{cri?7i, . . . , (Tj77„}A- Therefore, 
p restricted to 3^{o"jr7i, . . . , crj?7„}A is an A-ff'-isomorphism. Consequently, 
ff'jcTjr]!, . . . , 0"i?7„}AnJ = {0}a, and the nonzero elements of 9^{crj?7i, . . . , cri?7„}A 
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are invertible in S{. . . , aiT]j, . . .}A,a, i.e. aS C g{. . . , 0-^77^, . . .}a,3 for all 
i. Since r] A-generates S over 5", both p and o cTj"^ coincide on cTjS C 
S{. . . , CTji^j, . . .}a,j- Therefore p restricted to S{o"iS U . . . U ct^SIa is a A-S- 
homomorphism : Slc"iS U . . . U (T^SIa — * S{tiS U . . . U t^SIa such that 
4>{a) = a and (p{aia) = Tia for all a in S and i = l,...,r. Thus, p 
may be extended to the A-9-homomorphis m . By the definition of A-S- 
specialization of elements of (Definition II .2^ . a — > r. □ 



1.3 E-Strong Isomorphisms 

Denote by "(E, A)" the union of two disjoint sets E = {ei, . . . , e^} and A = 
{Si, . . . , 6n}- However, when this symbol is used as a subscript or superscript 
the parenthesis are removed, e.g., 9^{?/}e,a or 3"^'^. In this section, 5" will 
denote an (E, A)-field, U an (E, A)-field that is (E, A)-universal over 3", and 
C the A-constants of 3". Then % = li^ may be considered as an E-field. 
As such, it is E-universal over C, considered as an E-field. The (E, A)-field 
S C U will contain 5". If 3" and S are fields contained in a larger field, then 
5"- S, or more simply J'S, will denote their compositum. 

Definition 1.4 Let S be an (E, A)-subfield of li. An (E, A) -isomorphism 
a of S into U is E-strong if it satisfies the following two conditions. 

Stl. a leaves invariant every element of S^- 

St2. (tScS-U^ and Sca^-U^. 

An E-strong (E, A)-isomorphism is the same as an E-homomorphism 
which is also a strong A-isomorphism in the sense defined by Kolchin in 
[121 p. 388]. Because of this, some of the proofs in this chapter can often 
simply quote the results of Kolchin, and, if E is empty, many results of this 
paper are those of Kolchin. 

Note that ISt2l is equivalent to S • = aS ■ li^. Also it is clear that 
any (E, A) -automorphism of S over is an E-strong (E, A)-isomorphism. 
For any (E, A) -isomorphism cr of S, let S^(o") = (Sc^S)^. The first inclusion 
of ISt2l is equivalent to SaS C S ■ which by [12, Corollary 2, p. 88] is 
equivalent to So"S = S ■ S^(o"). Similarly the second inclusion is equivalent 

to g(Tg = ag-g^((T). 

If g is an arbitrary (E, A)-extension of 5", it may happen that not all 
elements cr of Isom^'^(g, IX) are E-strong (E, A)-isomorphism [T31 Exam- 
ple 3.147]. However, if there is one E-strong (E, A)-isomorphism, the next 
proposition shows that all its {E, A)-g-specializations are E-strong (E, A)- 
isomorphism. 
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Proposition 1.5 Every {E, A) -^-specialization of an E-strong {E,A)- 
isomorphism of S is E-strong. 

Proof: Let a' be an {E, A)-S-specialization of the E-strong {E, A )-iso morphism 
a of S- By the definition of (i?, A)-S-specialization (Example II ■2p . a' is an 
(E, A)-isomorphism. Now cr is a strong A-isomorphism, and hence a' is also 
a strong A-isomorphism by [121 Proposition 6, p. 390]. Since a' is an E- 
homomorphism, a' is an E-strong (E, A)-isomorphism. □ 

The following propositions will be used to verify under certain conditions 
in Theorem 11.241 that the set of E-strong {E, A)-isomorphisms of S over 3^ 
verify the axioms of an E-group. 

Proposition 1.6 Let 9 be a finitely {E, A) -generated {E, A) -extension of 
3^. Then for every E-strong (E, A) -isomorphism a of S over 3^, 9'^(o") = 
(9o"9)^ ^-5 a finitely E- generated field extension of the E-field 9'^- 

Proof: Let f] = {t]i, . . . , rjn) be a finite family of (E, A)-generators of 9 over 
5". Let a be an E-strong (E, A)-isomorphism of 9 over 5". The extension 
9c"9 = 5{o'v)e,a of 9 is a finitely (E, A)-generated extension by arj. Let 
^ = (^i)je/ be a family of E-generators of 9^(o") = (9o"9)^ over 9^- Since 
9o"9 = 99^ (o") = 9(0' the family ^ also E-generates 9o"9 over 9- 

9 > 9^9 = 9(0 



Because this extension is (E, A)-finitely generated over 9 by at] and each el- 
ement of CTT] is in an E-field generated by finitely many of the elements of the 
family ^, there is a finite subfamily . . . , C,m) of the family ^ that [E, A)- 
generates QaS over 9: that is S9'^{cr) = 9(6, • • • , ^m)£;,A 
= 9 • 9^(6, • • • ,^m)E,A- Since the elements of ^ are A-constants, 9^(cr) = 
9^(6, ••• , ^m) by m Corollary 2, p. 88]. □ 

Proposition 1.7 Ze^ a and r 6e two E-strong (E, A) -isomorphisms of 9- 
r/ien 9^{a)9^{aT) = 9^(a)9^(r) = 9^(ar)g^(r), and S^{a-') = 9^(a) 
as E-fields. 

Proof: By considering the fields in the statement of the proposition as just 
A-fields, and a and r as just strong A-isomorphisms, Kolchin's result [121 
Proposition 5, p. 390] may be applied to obtain these equahties as fields in 
U. Because they are also E-fields, they are equal as E-fields. □ 
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Proposition 1.8 Let a,a',T,T' be E-strong {E, A) -isomorphisms of S- 

1. If {cr',T') is a specialization of (o", r) then (a'^"*^, a'^V') is a specializa- 
tion of a^^r). 

2. Suppose that a' and t' are generic specializations of a and r, re- 
spectively. If (cr', r') is a specialization of (o", r), then the induced E- 

isomorphisms S^(o") ~ S^(o'') O'nd S^(t) ^ S^(t') are compatible, 
and conversely. 

3. Suppose that a' and r' are generic specializations of a and t, re- 
spectively, let h : D — > D' be an E-homomorphism between subrings 
of li^ . If h and the induced E-isomorphisms S^(o") ^ S^(o"') O'nd 
3^(r) S^(t') are compatible, then a'^^ is a generic specialization of 
a^^ and a'^^r' is a specialization of a^^r; when the latter specializa- 
tion is generic, then h and the induced E-isomorphisms S^(o"^^) ~ 
S^(cr'^^) and ^^{a^^r) ^ ^^{ct'^^t') are compatible. 

Proof: Since a, a', r and r' are E-strong (E, A)-isomorphisms, it follows from 
Kolcliin's corresponding result p2l Proposition 8(a), page 391] for strong A- 
isomorphisms, that (o"'"^, cr'~^r') is a specialization of ,a~^T) over S. 
This remains a specialization over S when a,a' ,t and r' are considered as 
(E, A)-isomorphisms by [121 Lemma 1, page 385]. 

Part 2 is proved a manner similar to that of part 1: (a', r') is a specializa- 
tion of [a, r), when cr, a' , t and r' are considered as strong A-isomorphisms if 
and only if the induced isomorphisms considered as non-differential isomor- 
phisms are compatible. The result then follows when a, cr', r and r' are again 
considered as (E, A) -isomorphisms. 

Part 3 follows from the same considerations as in the previous part. □ 

Corollary 1.9 1. If a' is a specialization of a, then a'^^ is a specializa- 
tion of (j^^ . When the former specialization is generic, then so is the 
latter, and the induced isomorphisms S^(cr) ^ S^(cr') and S^(cr~^) ^ 
S^(c7'^^) coincide. 

2. Suppose that a' and t' are generic specializations of a and t, re- 
spectively, such that the induced E-isomorphisms S^(cr) ~ S^(cr') o-nd 
3^(r) ~ S^(t') are compatible, then a'r' is a specialization of ar. 
When the last specialization is generic, and h : T) ^ T)' is an E- 
homomorphism between subrings of such that h and the induced 
E-isomorphisms S^(o') ~ S^(o"') and S^(t) ~ S^(t') are compati- 
ble, then h and the induced E-isomorphism S^(crr) ~ S^(cr'T') are 
compatible. 
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Proof: The first assertion follows from part 1 of the proposition, in the special 
case in which r = a, r' = a'. Since S^(c"~^) = S^(cr) (Proposition 11.71) . the 
second assertion follows from part 3 of the proposition, in the special case in 
which r = cr, r' = cr', and h is the induced E-isomorphism S^(cr) ~ S'^(c"')- 

Because of part 1, one may replace a, a' by o""^, cr'~^. Part 2 then follows 
from part 3 of the proposition. □ 



1.4 E-Strongly Normal Extensions 

Definition 1.10 An E-strongly normal extension S of the {E,A)-field 3^ 
is a finitely {E, A) -generated extension 9 of 3" such that every {E,A)-3^- 



isomorphisni of S is E-strong {Definition I.4 



Remark 1.11 // S over 5" is E-strongly normal, it is not necessarily a 
strongly normal extension for A because S over 3^ might not be finitely A- 
generated. A strongly normal extension for (E, A) is an E-strongly normal 
extension if each (E, A) -isomorphism leaves invariant not only every element 
of g^'^ but also those of S^. 

Proposition 1.12 // 3 is an E-strongly normal extension of 3", then 3" and 
9 have the same field of A-constants. 

Proof: By Definition ll.4IIStll the A-constants in S are invariant under ev- 
ery isomorphism of S over 3". Since any element of S fixed by all E-3^- 
isomorphisms of S is in 3" fl2\ Corollary, page 388], the A-constants of S are 
contained in 3". □ 

Proposition 1.13 Let S be a finitely {E, A) -generated extension of 3" hav- 
ing the same field of A-constants as 3^. Let cri . . . o".,. be {E, A) -3^ -isomor- 
phisms of S such that every {E, A) -3^ -isomorphism of 9 is an {E,A)S- 
specialization of one of these. If cr^S C S'U'^ for all k, (1 < k < r), then S 
is E-strongly normal over 3". 

Proof: Let a be any [E, A)-IF-isomorphism of S. Since = 3"^, cf fixes S^- 
By considering cr as a A-homomorphism and the remark after |i2l Proposi- 
tion 6, page 390], C SU^ since aS C Slt^. 

To prove that a is I3-strong, it remains to show S C a^XL^. Following the 
technique of the proof in [12, Proposition 10, page 393], one may show that 
the A)-3'-isomorphism : cr9 ~ S can be extended to an {E, A)-3'- 
isomorphism ip of SaS because IX is (E, A)-universal over 3". The restriction 
of V9 to S is an {E, A)-IF-isomorphism r of S over 3^. Thus, ip : So"S ~ t9 ■ S 
is an (i?, A)-3'-isomorphism, p^ = rS, p{crS) = S, and p){S^{o')) = 9'^{t). 
By the final result of the last paragraph, rS C SS^(r). Therefore S = 
^-\r9) C p-\9S^{r)) = ^-'9 ■ V~\S^{r)) = ■ (a) C aSU^. □ 
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Corollary 1.14 Let Si and S2 be extensions of 5" such that has the 

same field of A-constants as 5". // Si and S2 o'^e E-strongly normal over 
9^, then so is SiS2- 

Proof: Obviously S1S2 is a finitely (E, A)-generated extension of 3". If 
a is any isomorphism of S1S2 over 3^, then the restriction cTj of a to Si 
is an E-strong (E, A)-isomorphism of Si so that cr(SiS2) = cnSi ■ cr2S2 C 
Silt^ ■ 32^^ = (S1S2) ■ U^- It follows by Proposition [TIS] that S1S2 is an 
E-strongly normal extension of 3". □ 

Proposition 1.15 Let S be any A-field in IX. Each E-strong (E, A)- 
isomorphism of S can be extended to a unique (E, A) -automorphism of Sl-t^ 
over XL^ . Conversely, the restriction to S of each {E^ A) -automorphism of 
SIX^ over IX^ is a E-strong {E, A) -isomorphism of S- 

Proof: By [T^ Corollary 1, page 87], S and IX^ are linearly disjoint over S^- 
Also, if a is any E-strong (E, A)-isomorphism of S (Definition ll.4p . then aS 
and IX^ are also linearly disjoint over S^- Therefore a can be extended to 
a unique (E, A)-isomorphism s : S'XX^ ~ crS • over XL^. Because a is E- 
strong (E, A)-isomorphism, aSU^ = S^X^, and s is an (E, A)-automorphism 
of SU^ over 11^. The converse is clear. □ 

This proposition canonically identifies the set of all E-strong (E, A)- 
isomorphisms of S with the set of all (E, A)-automorphisms of SIX^ over 
IX^. Because the set of all (E, A)-automorphisms of Sli^ over IX^ has a 
natural group structure, this identification induces a group structure on the 
set of all E-strong (E, A)-isomorphisms of S- If "3^ is an (E, A)-subfield of S, 
the set of all E-strong (E, A)-isomorphisms of S over 3" can be canonically 
identified with the group G of all (E, A) -automorphisms of S^X^ over 51X^, 
which is a subgroup of the group of all (E, A)-automorphisms of S^X^ over 

Recall the definitions of the E-type, E-dimension and typical E-dimension 
of a pre E-set in [13l page 31]. If over 3" (considered as an E-field) is E- 
extension that is finitely E-generated by p = (pi, . . . ,Pn), will denote 
the E-transcendence polynomial of p over 5" [121 page 117]. 

Proposition 1.16 Let S be an E-strongly normal extension of 3", and let C 

denote the field of A-constants of J . For every isomorphism cr of S over "J, 
define C{a) = (So"S)^- Then G{a), as anE-field extension ofC, is finitely E- 
generated over C. Moreover, S is finitely E-generated over 3", and, for every 
isolated isomorphism a of S over 3^ , the E-type {resp. E-dimension, typical 
E-dimension) of C(cr) over C is equal to the E-type {resp. E-dimension, 
typical E-dimension) of S over 3^. 
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Proof: That C((j) is a finitely E-gener ated field extension of C for every iso- 
morphism 0" of S over 5" is Proposition II. 6[ To show S is finitely E-generated 
over 5", let a be an isolated (E, A)-isomorphism of S over 3^ that special- 
izes to the identity isomorphism. By part b of [131 Corollary , page 388], 
a leaves fixed the algebraic closure 5"° of 3" in S. Let ry = (771, . . . , ?7„) 
be a family of (E, A)-generators of S over 3", i.e. S = j'(r7)E,A5 and let 
^ = (^1, . . . , be a family of E-generators of C(cr) over C, i.e. C(cr) = C(^)e. 
Since S(o"?7)e,a = So"S = SC(cr) = S(Oe,a, each coordinate of ,^ is in the 
13-field generated over S by a finite number of A-derivatives of arj. Denote 
the set A-derivatives of arj hy 'd = (-i^i, . . . ^'dg)- Then E-generates So'S 
over S- 

Claim 1.17 = aS 

Proof: By the definition of -i?, 3^°{i!})e C a2- Let a G aS- Then a G 
Sag = 9{ar])E,A = S ■ ^°{^)e- If is a basis for ^°(?9)e over 

a = (S (yfj7j) / (E (7^7^), with and g'j in S and not all the g'j are 0. Therefore, 
S g'-i^jo) — S (yfj7j = 0, and the family (7ja, 7j) of elements of aS is linearly 
dependent over 9- Since cr is isolated, aS and S are algebraically disjoint 
over y [T2I Comment on page 387]. A fortiori, they are also algebraically 
disjoint over 3"°. Since S is regular over 3"°, crS and S are linearly disjoint 
over J° [151 Theorem 3, page 57]. By this disjointness, the family (7ja,7j) is 
linearly dependent over J° . So there exists fi and // elements of 3"°, not all 
0, such that S fj^^yja) — S fi'ji = 0. Because the 7^ are linearly independent 
over 3^°, E /j7,- 7^ 0. Therefore « = (E /i7.)/(S /j7i) e ^°(79). □ 

Since the E-field aS = 3^°{'&)e is finitely E-generated over 3"°, 9 = 
3^°{a~^^)E (as E-fields) is also finitely E-generated over 3"°. Because any in- 
termediate extension of a finitely E-generated extension is finitely E-generated 
[HI Chapter 2, Proposition 14, p. 112], it follows that 3"° is finitely (E, A)- 
generated over 5", and, hence, also finitely E-generated over 3" (because 5"° is 
algebraic). Thus S is finitely E-generated over 3". 

Then 

since the first equality would be true for any E-J'-isomorphism a fT2l, page 
387] and the second equality holds by [12^ Comment on page 117] because 
(tS and S are algebraically disjoint over 3" [T2| Comment on page 387]. Also, 

because S and 6(0") are linearly disjoint over C [121 Corollary l,page 87] and 
[T2I Comment on page 117]. Because "i? and ^ both E-generate SaS over 
S, the E-birational invariants (E-type, E-dimension, typical E-dimension) of 
w^/g and w^/g are equal ([121 page 118] or [T31 page 7]). By utilizing the 
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above equalities, the E-birational invariants of uj^-x^jc^ and uJcit are also the 
same. Thus the E-type {resp. E- dimension, typical E-dimension) of C((t) 
over C is equal to the E-type {resp. E-dimension, typical E-dimension) of S 
over 5". □ 



1.5 Pre E-Sets and E-Groups 

The objects in the category of pre E-C-sets [13^ Chapter 1] are defined as 
follows. 

Definition 1.18 Let C be an E- field and let V be a universal E-field ex- 
tension of C. A pre E-Q-set {relative to V) is a set A for which there are 
given 

1. for each element x & A, an E- finitely generated field extension Q{x) 
over C, 

2. a pre order on A called E-specialization over C or, more simply, E-C- 
specialization {which shall be indicated by the notation x x'), 

3. for each pair (x, x') in A^ with x ^ x' , an E-isomorphism Sx',x '■ 
e{x) ^ e(x') over G, 

all subject to the following axioms. 

DASl A has a finite subset $ such that, for each x' G A, there exists an 
X G $ with X ^ x' . 

DAS2a If x,x',x" E A,x ^ x' , and x' <-> x" , then S^'^x' ° S^'^x = S^f^x- 

DAS2b If X E A and S : 3^{x) ^ G' is a E-field isomorphism over G, then 
there exists a unique x' E A with x ^ x' such that 3^{x') = G' and 
Sx',x — S . 

It can be shown [T3] that the V-valued points of any E-scheme in the 
sense of Kovacic [S] over C is a pre E-J'-set. 

Definition 1.19 A subset B of the pre E-G-set A is ca/Zec? C -irreducible (in 

A) if there exists an x E A such that B is the set of all elements of A that 
are E-G- specializations of x. Such an x will be called an C-generic element 
of B. A maximal G-irreducible subset of A is called an C-component of A. 

Kolchin defines pre E-C-maps, as below, in a manner such that the com- 
position of two is not necessarily a third. 
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Definition 1.20 Let A and B he pre E-C-sefo. A pre 'E-C-mapping of A 
to B is a mapping f of a subset Af of A into B with the following four 
properties: 

1. the Q-generic elements of the components of A are contained in Af, 

2. tf X e Af, then e{f{x)) C 

3. if X & A,x' G Af, and x x' , then x & Af and f{x) — > f{x'); 

4- if x,x' G Af and x ^ x' , then Sx',x extends Sf{^x')j(x)- See Diagram 
{TM below. 



Diagram 1.21 



e(x) — — - e(x') 



inclusion 



inclusion 



e(/(x)) . e(/(x')) 



To have morphisms that are composable, pre E-C-mappings from Aio B 
that are everywhere defined (that is Af = A) are taken to be the morphisms 
in the category of pre E-C-sets. 

Definition 1.22 The category of pre E-C-sefo [relative the universal E -field 
V) is the category with pre E-C-seis as objects and with everywhere defined 
E-Q-mappings as morphisms. 

It can be shown [13] that the functor of V-valued points is a functor from 
the the category of E-C-schemes to category of pre E-C-sets (relative the 
universal E -field V). 

Definition 1.23 \T3^, page 33] An E-G-group [relative to the universal E- 
field V) is a set G which has both a group structure [usually written multi- 
plicatively) and a pre E-Q-set structure relative to the universal E-field V , 
subject to the following axioms. 

DAGla If xi,X2 G G, then G{xiX2) C G{xi)e{x2). 
DAG lb If Xi,X2 G G, then G{xi ^^2) C G{xi)Q{x2) . 
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DAG2a If G G and Xi ^ x\ , ^ x'^, are 

compatibly, then x\X2 — > x'^x'^- If moreover X1X2 ^ x'ix'2, and h 
is an E-G-homomorphism of finitely E-generated E-overrings of C in 
U such that h, S^'^^^-^, S^'^^^^ are compatible, then h and Sx[x'2,xix2 ^''^^ 
compatible. 

DAG2b If xi,X2,x[,X2 G G and xi — > x'l , X2 — * Xg, then there exist elements 
xl,X2 & G with Xi ^ xl, X2 ^ X2 such that x^, X2 are algebraically dis- 
joint over C and ) and C{x2) are algebraically 
disjoint over Q), and such that, if xlx^ ^ x[x2 and X2 ^ x'2, then 

X^ X^ X* X* ? X* 

are compatible. 

DAG2c If Xi,X2,x[,X2 G G and xi ^ x[ , X2 ^ x'2, and S^'^^^i, S^'^^xi ^^'^c 

compatible, then Xi^X2 — > x'i^x'2. If moreover Xi^X2 ^ x'{''^x'2, and 
h is an E-C-homomorphism of finitely E-generated E-overrings of Q 
in U such that h, S^^^xi, Sx'.2,x2 ^^^^ compatible, then h, S^'-i^,^ ^-1^^ are 
compatible. 

DAG2d If xi,X2,x'i,x'2 G G and xi x'l , X2 — ^ X2, then there exist elements 
xl,X2 G G with Xi <-> X2, X2 ^ X2 such that x^ and X2 are algebraically 
disjoint over C and 

DAG3 The unity element 1 of G is contained in an G-component {Definition 
\1.19i\ of G having an G-generic element x that is regular over G, i.e. 
G is algebraically closed in G{x). 

It can be shown |14] that the functor of V-valued points apphed to an 
E-C-group scheme of E-C-finite type is an E-C-group (relative the universal 
E -field V). 



1.6 E- Groups of Isomorphisms 

Theorem 1.24 Let S be an E-strongly normal extension of the A-field 3^ 

with field of A-constants G, and let G = Isom^'^(S, V). With the pre E- 
G-set structure defined above, G is an E-G-group. Furthermore, the field S 
is finitely E-generated, and, as such, the E-type (resp. E-dimension, typical 
E-dimension) of S over 3" equals the E-type (resp. E-dimension, typical 
E-dimension) of the E-G-group G. 

^Let Ri and R2 be rings over the ring R, all in a common field, and let (/>! and (j)2 be 
ring homomorphisms of Ri and i?2, respectively, into another field over R. Then and 
02 are compatible, if there exists an extension of (pi and (j)2 to the ring i?[i?i,i?2]- 
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Proof: It will be v erified that G satisfies the properties of an E-C-group 

11.231 By Proposition 11.151 and the subsequent remark, the set G has the 
structure of a group. 

Endow G with the following pre E-C-set structure. 

1. To each a E G associate C((t) = (S^S)^, considered as an E-field 
extension of C = S^. This is finitely E-generated by Proposition II. 6[ 

2. For each (cr, a') G G^, let a — a' mean that a' is an (E, A)-3^- 
specialization of a (Definition 11.21) . 

3. For each (a, cr') G G^ with cr ^ cr' (that is, with cr' a generic E-J"- 
specialization of cr), then there exists a unique S-(E, A)-isomorphism 
ScrS ~ Scr'S that, for each a G S, maps a to a and aa onto cr'a. 
The restriction of this [E, A)-S-isomorphism to the A-constants yields 
an E-C-isomorphism S„i^a- '■ C((t) ~ C(cr') over C which is called the 
E-C-isomorphism induced by the generic {E, A) -^-specialization. 

By [111 Proposition 1(c), page 387], this pre E-C-set structure satisfies 
DASl. Axioms DAS2a and DAS2b follow from the next proposition. 

Proposition 1.25 Let o he an E-strong {E, A) -isomorphism of S- 

1. If cr' is a generic {E, A) S- specialization of a, and a" is a generic 
{E, A) -2 -specialization of cr' (and therefore of a), then the composite 
of the induced E-S^ -isomorphisms S^(o') ~ S^(o"') and 9^{o'') ~ 
S^(cr") is the induced E-S^ -isomorphism S^(cr) ~ S^(cr")- 

2. If S : 9^{o') ~ C is any E-isomorphism over S^, then there exists a 
unique generic {E , A) S- specialization cr' of a such that S^(cr') = 
and S is the induced E-S^ -isomorphism S^(cr) ~ S^(cr')- 

Proof: 

1. This follows from the corresponding facts about the (i?, A)-S-isomor- 
phisms S(tS ~ Scr'S, So^'S ~ S<7"S and Sc^S ~ So'"S- 

2. S^(c") and S are linearly disjoint over S^, as are C and S: there- 
fore S can be extended to an (_E, A)-S-isomorphism T : SS^(cr) ~ 
SC. The composite mapping S f^S C St^S = 55^ {(t) ~^ SC 
yields an (£", A)-S^-isomorphism cr' : S ~ T{aS)- Since TaS = cr'S, 
T : ScS ~ Sc'S- Therefore cr' is a generic (ii^, A)-S-specialization of 
CT, C = S^{a') [H Corollary 2, p. 88], and S is the induced E-S"^- 
isomorphism S'o-',o-- The uniqueness is clear. 
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□ 



Axiom DAG 1 f ollow s from Proposition II. 71 A xiom DAG 2a follows from 
part 2 of Corollary 11.91 Part 3 of Proposition 11.81 implies Axiom DA G 2c. 

To prove parts DAG2h and DAG2d, let a, a', r, r' be E-strong (E, A)- 
isomorphisms of S over "J with a a' and t t'. Fix a family r) = 
{rji...rjn) of (E, A)-generators of S over 3", and let p {resp. q) denote 
the defining (E, AVideal of a'^rj {resp. Trf) in the (E, A)-polynomial al- 
gebra S{z/i, • • • ,2/n}E,A {resp. S{2i, • • • , 2;„}e,a)- Let Sa denote the alge- 
braic closure of S in Then SaP and Sa5' have components pi,...,pr 
and qi,...,qs such that the quotient fields QF{^a{yi, ■ ■ ■ ,yn}E,A/Pi) ^'^^ 
i = 1, . . . , r and QF{Sa{zi, • • • , Zn}E,A/lj) for j = 1, . . . , s are regular over 
Sa [IS Proposition 3, page 131]. By [131 Corollary, page 132], each (E, A)- 
ideal rki = {pk U qi}{EA) of 5a{yi, ...,?/„, ^i, ••• , ^n}E,A is prime. Therefore, 
rki has a Sa-generic (E, A)-zero (ry*^*^''), ^(^'')) where r/(*^'') is a generic zero of 
'^feinSalz/i, • • • ,2/n}E,A = Pfc and therefore ofphHSivi, ■ ■ • ,Z/n}E,A = P, so that 
7]*^'^''^ is a S-generic (E, A)-specialization of a^^r] over S and hence over 5". 
Therefore t^^^'') is the image of i] by an E-strong (E, A)-isomorphism of S over 
5", which is denoted by aj^i^ and is defined by rj^'''^^ = a^^i^rj. By [12], Lemma 
2, page 386], cr^/. Similarly ^^'''''^ = Tkirj for some E-strong (E, A)- 

isomorphism r^; of S over 3" with r ^ r ^;. By hypothesis o" — o"', whence 
(part 1 of the Corollary 11.91) so that a' ^r] is an (E, A)-zero of 
p and hence of some p^. Similarly, t'i] is an (E, A)-zero of some qi. Thus, 
{a'-^r],T'r]) is an (E, A)-zero of r^i, thus {(Tklr],Tki7]) {a'-^r],T'r]) and 

hence over S. It follows [121 Lemma 2, page 386], that {rku <^ki^) ij' , cr'~^), 
and hence by Proposition 11.81 1 and 2, that (r^"*^, T~ki^(^ki^) — ij'^^ i r'^^a'^^) 
and that if T^i^aJ^^ ^ r'^^cr'^^ and r^"*^ ^ r'^"*^, then the induced E-C- 
isomorphisms Q{T^i^a^l) ^ C(r'^^cr'^"'^) and G{rf7i'^) ^ C(r'~^) are compati- 
ble. By part 1 of the Corollary 11.91 then akiTki —>■ cr'r' and if (TkiTki ^ ct't' 
and Tki ^ r', then the induced E-C-isomorphisms G{akiTki) ~ Q{a'T') and 
G{Tki) ~ C(t') are compatible. This proves DAG2b, and (because 
whenever a — > a') also part DAG2d. 

To prove axiom DAG3, one must show that if o" is an isolated isomor- 
phism of S over 3^ with cr — > irfg, then C(o") is regular over C. Since a idg, 
a9^° = 3^° [121 Proposition 2(b), page 388]. Since S is regular over 3^°, clearly 
(jS is regular over cr5'° = 3"°. I3y [121 Remark, page 387], crS is algebraically 
disjoint from S over 3", and, a fortiori, they are algebraically disjoint over 
5"°. Because S is regular over 3^°, aS is linearly disjoint from S over 3"° [T5| 
Theorem 3, page 57]. 
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3"° — > ^g, 



Recall [T5| Corollary 6, page 58], that if K and L are field extensions of 
field in a larger field and if they linearly disjoint over k, then K is regular 
over k if and only if KL is regular over L. Therefore, g^g is regular over g. 
Since g and G{a) are linearly disjoint over C [T?, Corollary 2, page 88] 

g — > ge(a) = g^g 



e — > e{a). 

and gC(a") = g^rg, that g^g is regular over g implies G{a) is regular over C, 
which is DAG3. This establishes G E-C- group. 



Definition 1.26 By virtue of Theorem \ 1 . 2J\ the set of E-strong (E, A)- 
isomorphisms of the E-strongly normal extension g over 3" has a natural 
structure of an E-C-group relative to the E-universal field U^. This E-C- 
group is called the Galois group of g over 3^, and it is denoted by Ge{9/3^) 
or G'(g/3'). The Q-component of the identity of G-e{S/3^) is denoted by 

G^(g/:r) or G°(g/3^). 



Definition 1.27 // G is any E-G-group, a G-extension of 3" is any E- 

strongly normal extension Q of 3^ such that G(g/5') is E-Q -isomorphic to 
an E-Q-subgroup of Gjc- When G{S/3^) is E-Q-isomorphic to Gx itself, 
the [E, A) -extension g over 5" is ca/Zec? full. A linear extension of 3^ is an 
E-GL(n) -extension of 5" for some natural number n. 



1.7 Extending the Constants. 

Definition 1.28 [iSl page 48] Let C be an E- field, let V be another E- field 
that is E-universal over 3^, and let V dV be an E-field containing 5" over 
which V is E-universal. Let G be an E-Q-group relative to V, and let H be 
an E-D-group relative to V. An E-(D, C)-homomorphism of H into G is a 
group homomorphism f : H —>■ G that satisfies the following three conditions: 

1. ifyeH, then V{y) D e{f{y)) , 

2. if y,y' E H and y ^ y' over T>, then f{y) f{y') over C, 
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3. if y,y' E H and y y' over V, then S-r),y',y extends SQj(^yi)j(^y). 

Definition 1.29 [T3l page 49] An E-T) -group structure on G is said to be 
induced (by the given E-C-group structure on G) if the following two condi- 
tions are satisfied: 

1. the identity map id^ on the set G is an E-(D, Q) -homomorphism from 
G with the structure of an E-T) -group to G with the structure of the 
E-Q-group G; 

2. every E-{'D,G)-homomorphism of an E-D-group into G is an E-T)- 
homomorphism. 

Tlie following generalization of [121 Theorem 2, page 396] interprets, for 
an E-extension C of C in IK (= IX^), the induced E-C'-group of the E-C- 
group G{^/-J). 

Theorem 1.30 Let S C It 6e an E-strongly normal extension of 3". Denote 
the field of A-constants of 3" by Q, and let G' G % be an {E, A) -extension 
of G such that IX is {E, A) -universal over 3^G' . Then IX is {E, A) -universal 
over SG' , and SC is an E-strongly normal extension of 3^G' with field of A- 
constants G' . Furthermore, the E-G' -group G{2G' /3^G ) is the induced E-G'- 
group of the E-G-group G{S/3^), both these groups being identified with each 
other by means of their canonical identifications with the group of (E, A) - 
automorphisms of S3C over 3^% {See Proposition M.l^ ) . 

s — ^ gc — y ^% 



3^ > 'JG' > -JX' 

Proof: Since SC is finitely (E, A)-generated over J'C, (121 Proposition 4(b), 
page 133] shows that IX is (E, A)-universal over SC- That G' is the field 
of A-constants of 3^G' and SC follows from |12i Corollary 2, page 88]. If 
cr is any (E, A)-isomorphism of SC over ff'C, then the restriction of a to 
S is an (E, A)-isomorphism of S over 3" and as such is E-strong. Hence, 
a(ge') = aSae' C g ■ 3C ■ C = gC ■ X, and similarly gC C a{^G') ■ %: that is 
a is E-strong. Therefore gC^ is E-strongly normal over 3^G' , and G{^G' /3^G') 
is a E-C'-group (Theorem ll.24p . Denote by G' {a) the E-C'-field associated to 
any a G G{^G' /3^G'). 

Define id^ : G(ge73^e') ^ G(g/?) by identifying a E GiSG'/S'G') with 
the (E, A)-automorphism of gC ■ X = gX over 3'G'-% = 3"% that extends a 
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(Proposition II. 15]) . and then with the E-strong (E, A)-isomorphism of S over 
5" to which a restricts. Then 

ge'(a) = se' ■ e'(a) = geV(ge') = gidcas ■ e' = ge(idGa)e', 

and, by ^ Corollary 2, p. 88], 

e'(a) = e(idGa)e'. (i) 

If a' is an E-C'-specialization of a in (^(gC'/ff'C'), then {a'a.)^!^^ is an (E, A)- 
gC'-specialization of (cra)agg, and hence over g, so that idccr' is an E-C'- 
specialization of idccr in G{^/3^). When the E-C'-specialization in (^(gC'/ff'C') 
is C'-generic, then there exists an (E, A) -isomorphism 

gc'a(gc') ^ gc'a'(gc') (2) 

over gC mapping a a onto a' a for every a G g, and this restricts to an 
(E, A)-isomorphism 

g ■ idco-g ^ g ■ idco-'g (3) 

over g, so that the E-C-specialization in G(g/3') is C-generic. This restricts 
to the induced E-C-isomorphism 

5fdo.',idc.:e(idGa)^C(idGa'), (4) 

which is also a restriction of the (E, A)-isomorphism[2l Moreover, the (E, A)- 
isomorphism [2] also restricts to the induced E-C-isomorphism 

55,.:C'(a)^C'(a'). (5) 

Therefore, the restriction of Sf,^ to C(idGcr) is the induced E-C-isomorphism 
•^Mca'.idGa : e(idGa) ^ C(idGa'). Therefore, ^5,,t is an extension of 
This shows that idc is an E-(C', C)-homomorphism. 

Now let H be any E-C'-group relative to the universal E-field and let 
f : H G{S/3^) be any E-(C', C)-homomorphism. To complete the proof of 
the theorem, it must be shown that /' = idc"^/ from H to G(gC'/3'C') is an 

H ^- G(gC'/3^C') 



ido 
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E-C'-homomorphism ^TSi Chapter 1, Section 2, p. 37]; that is /' is a homo- 
morphism of groups and an everywhere defined pre E-C'-mapping (Definition 
ll.20p . Clearly /' is a homomorphism of groups. By [TSj Corollary 1, p. 90], it 
suffices to show that the restriction, also denoted by /', of /' to the C'-generic 
elements of if is a pre E-C'-mapping. 

Property 1 of the definition of pre E-C'-mapping is clear, i.e. the domain 
of definition of / contains the C'-generic elements of H. For any y & H, 
C'{y) D G(J'{y)) because / is an E-(C', C)-homomorphism. From this and the 
equation [ll the following containment may be deduced: 

&{y) D C(/(y))C' = Ciidof'iy)) ■ C = C'(/'(y)). 

This is property 2 of the definition of a pre E-C'-mapping. 

For properties 3 and 4, ii y ^ y' in H, then f{y) ^ f{y') in G(S/3^) be- 
cause / is an E-(C', C)-homomorphism. For the same reason, Sy, y extends 
the induced E-C-isomorphism S^j-y/) jj-^) 



&{y) ^ e'{y') 



my)) ^^^^ my')), 



and hence 
gram commutes: 



and ide' are bicompatible. Therefore, the following dia- 



e'{y) 



e(/(y)) ■ c 



56 

y ,y 



e'{y') 



e{f{y')) ■ e'. 



where the E-isomorphism Lf extends idc 

Since S and G[Q'{y)] are linearly disjoint over C, as are S and C[C' (?/')], it 
follows that idg and Sy, y are bicompatible. Therefore, the top square of the 
following diagram commutes: 
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se{f{y)) ■ & 



ge(idGf(i/))e' 



sc • e'if'iy)) 



ge'-/'(i/)(ge') 



se(/(2/')) ■ c 



ge(idG/'(i/'))e' 



se'if'iy')) 



gc ■ e'(f (y')) 



ge'-/'(i/')(se') 



where the (E, A)-isomorphism a extends idg and Sy, y and the (E, A)-isomor 

'/(y')Jfo) 



phism P extends (p, idg, Sf, n r, s and idc- Since / = idc/', the third hne of 



this diagram is also 

(3 : ge(idG/'(y))e' ^ ge(idG/'(y'))e' 

extending idg, 5'idG/'(y),idG/'(j/) and idc- By equation [H e(idG/'(2/))e' = 
e'if'iy)), and e(idG/'(l/'))e' = e'if'iy')). Because id^ is an E-(e', C)- 
homomorphism, as was shown in the first part of this proof, the forth hne 



7 : S ■ e'if'iy)) ^ S ■ e'U-'iy')) 

'/'to')j'(y)- 



is an (E, A)-isomorphism extending idg and Sf,, n The fifth hne of the 



diagram is the (E, A) -isomorphism 

A: se' ■ e' if 'iy))-^se'- e'if'iy')), 

which is obtained by writing 'gC" instead of 'g'. Clearly, the (E, A)-isomorphism 
A extends idgc and f^y)- By the E-strong normahty of gC over 3^e' , 

A is the same as the (E, A)-isomorphism, in the sixth line. 



/i: ge'-/'(y)(geo — ge'-/V)(se') 
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that extends idge' and that maps f'{y)a onto f'{y')a for every a G SC- 
Therefore f'{y) ^ f'iv') in G{SG' which is property 3. Property 4 is 
obtained by restricting the top and bottom hnes in the above diagram to the 
A-constants, i.e. S^!y extends 'Sf,(^y,^j,^yy □ 

Proposition 1.31 Let S be an E-strongly normal extension of 5", with C 
the subfield of A-constants, and let ip be an {E, A) -isomorphism of S over 
C such that XL is universal over ipS- Then ipS is an E-strongly normal 
extension of ip3^. There is a unique {E, A) -isomorphism S ■ X ~ (/?S ■ 3C 
over % that extends ip {that also shall be denoted by ip). When G{^/3^), 
respectively G{ip^/ip3^), is canonically identified with the group of (E, Aj- 
automorphisms of over 3^-%, respectively v^S-X over ipJ-%, the formula 
T^{a) = ip ■ a ■ ip~^ defines an E-G-isomorphism T^ : G{S/3^) ~ G^ipS/f^^)- 

Remark 1.32 When ip is an {E, A) -isomorphism of 9 over 5", then ip G 
G{S/3^)- After G{S/3^) and G{ip^/ip3^) are canonically identified with the 
group of automorphisms of the differential field = ip^ ■% over 3^%, then 
they coincide as groups [but not necessarily as Q-groups), and T^ is the inner 
E- automorphism determined by ip. 

Proof: Let r be any (E, A)-isomorphism of ip^ over ip3^. The (E, A)-isomor- 
phism ip~^ : ipQ ^ S can be extended to some (E, A)-isomorphism ip : 
V^S ■ TV^S ~ S ■ V^TV^S, and evidently the formula a i— > ipnpa defines an 
isomorphism of S over 3". Therefore, since ipTip is E-strong, the field of 
constants C of S ■ 'ipTipS has the property that 

ge' = g ■ ipnps = ^rips ■ e'. (6) 

By applying ip~^ to equation [6l 

(^g ■ e(r) = (^g ■ r<^g = r^g ■ e(r) 

since ip'^ maps g onto ip^ and C onto the field of A-constants C(r) of 
V^g ■ TV^g. Therefore, r is E-strong, and, hence, ip^ is an E-strongly normal 
extension of ip3^. 

Since g and % are linearly disjoint over C, as are ipS and DC, ip can be 
extended to a unique (E, A)-isomorphism gX ~ <^g ■ DC over DC, and denote 
it, too, by ip. Making the canonical identifications, one can see that for each 
cr G G{S/3^), ip ■ o ■ ip^^ G G{ip%lip'J\ Therefore one can define a mapping 
T^ : G'(g/5') ~ Giip^jip'J) by the formula T<^(cr) = ip ■ a ■ ip~^ , and it is clear 
that T^ is a group isomorphism. Since ip^ ■ C(T(^(cr)) = ip^- [ip • a ■ ip~^)ip% = 
ip{5aS) = <^(ge((T)) = ip9 ■ e{a), one may infer that e{T^{a)) = e{a). 
Furthermore, if a ^ a', then there exists an (E, A)-isomorphism g^g ~ gcr'g 
over g mapping aa onto aa [a G G) and inducing the E-C-isomorphism 
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S'o-/_o- : C(o") ~ Since maps SaS, respectively Sc'S, onto v9S-T^(cr)y9S, 

respectively (/^S ■ ^(/^(o'Ov'S, and leaves A-constants fixed, one obtains an 
(E, A)-isomorpliism ■T<^(cr)v?S ~ V^S ■7'<^(o"')9'S over mapping T(^(cr)v2a 
onto T<^((j')<yi'Q; (a G G), so that T<^(cr) ^ T<^(c^') and S'r^(o-'),T^(<T) = S^'^a- 
Thus, restricted to the C-generic elements of G is a pre E-C-map, and 
is an E-C-isomorphism by [T3| Corollary 1, p. 90]. □ 

2 The Fundamental Theorems 
2.1 The Topology on E-Sets 

In this section, let 5" be an E-field, and let V be an E-extension of J that is 
13-universal over IF. And consider J{ an E-extension of 3" over which V ne ed 
not be E- universal. Also, let A be a pre E-S^-set relative to V (Section II. 51 or 
[T2I page 29]). Then x G A is defined to be rational over if C IK [I3l 
page 29]. In a similar manner, define x to be algebraic {resp., E-algebraic or 
regular) if IK3'(a;) is an algebraic {resp., E-algebraic or regular) extension of 
J{. Denote by the set of elements of A rational over K. In particular. 
Ay is the set A. 

Let G be an E-IF-group (Section 11.231 or [131 page 33]). A homogeneous 
E-3^-space for G is a set M on which is given a structure of a homogeneous 
space for the group G and a structure of a pre E-S^-set subject to axioms, 
which are similar to those for an A-J'-group [131 page 34] . The homogeneous 
E-3'-space M for G is principal if it is principal as a homogeneous for G and 
satisfies additional axioms [13^ page 35]. 

A subset V of the pre E-IF-subset A is 3^ -irreducible {in A) if there exists 
X E V such that V is the set of all E-specializations of x over 3" [121 page 
30]. Such an x is called an E-IJ'-generic element of V. If the set of A is the 
union of finitely many J'-irreducible subsets of A, then B has the structure of 
a pre E-J'-set that is induced by the restriction of the pre E-J'-set structure 
on A. Such a 5 is called a pre E-3^-subset {of A). A maximal ff'-irreducible 
subset of A is called an 3^-component {of A) 

An E-IF-set is a pre E-J'-subset of a homogeneous E-IF-space for an E- 
9^-group [iHl page 37]. Then the E-IK-subsets of M are the closed subsets 
of a Noetherian topology on M [T3t Theorem 1 page 72], which is called 
the E-Zariski topology relative to !K or more simply the E-'K-topology. If 
IK = V, the reference to V is usually omitted, and it is called the E-Zariski 
topology or more simply the E-topology. Each E-IF-set will be considered 
to have the topology induced from the E-K-topology on its the ambient 
homogeneous E-IF-space for an E-IF-group. For an E-IF-set A, the subset 
Aj{ = {v E A \ 3^{v) C K} will be called E-dense in A if, for each closed 
E-closed subset G of A with A G, A^ is not contained in G. Kolchin 
shows that, if K is constrainedly closed [131 page 79], then A^ is E-dense in 
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A [131 Proposition 3, page 84]. 

Any E-3'-group G has a natural structure of a principal homogeneous E- 
ff'-space for G, which is called the regular E-3^-space for G. Consequently, 
any pre E-J'-set contained in the E-ff'-group G is an E-ff'-subset. An E- 
3^-suhgroup is a subgroup of G that is an E-ff'-subset and satisfies all the 
E-3'-group axioms [13, page 37]. By [13, Proposition 1, page 87], a subgroup 
that is also an E-J'-subset is an E-J'-subgroup. 

Definition 2.33 The 3^-component of the identity of an E-group G is de- 
noted by G° . 



2.2 Fundamental Theorems 

In this the rest of this chapter, let 3" be an [E, A)-field, and let IX be an 
[E, A)-extension of 5" which is (i?, A)-universal over 3". Then % = 
considered as an E-field is clearly E-universal over C = 3^^ considered as 
an E-field and, thus, constrainedly closed. Also, S will denote an E-strongly 
normal extension of 3^. 

The following theorem establishes a Galois correspondence between the 
set of intermediate differential fields of a E-strongly normal extension and 
the set of E-C-subgroups of its Galois group when the field of A-constants is 
constrainedly closed. The proofs are very similar to [12", Chapter 6, Section 
4]. 

Theorem 2.34 (First Fundamental Theorem) Let S be an E-strongly 
normal extension of 3" with field of A-constants Q. 

1. If 3^1 is an (E, A)-field with 9^ C 3"! C S, then 9 is E-strongly nor- 
mal over 3^1, G{2/3^i) is an E-C-subgroup of G{S/3^), and the set of 
invariants of G(2/3^i) in 9 is 3^i- 

2. If Gi is an E-Q-subgroup of G'(9/3) and 3^i denotes the set of in- 
variants of Gi in 9; then 3^i is an (E, A)-field with 3" C 3"! C 9; 
and, if the elements of Gi rational over C are E- dense in Gi, then 
G{S/3^l) = G^. 

3. If C is constrainedly closed [13. page 79] as an E-field, parts 1 and 
2 establish a bijective correspondence between (E, A) -sub fields 3^i with 
3^0 3^10 3 and E-subgroups Gi C G{^/3^). 

Remark 2.35 It would be preferable to remove the hypothesis of constrained- 
ly closed from part 3. For a certain type of small E-Q-subgroup, this is accom- 
plished in Corollary \ 2. 3 S{ and, for subgroups of Ga and Gm, in Proposition 
\4-75\ and Proposition \4.8^ Also, if C is E-universal over some E-field, then 



t! is constrainedly closed. 
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Proof: To prove part 1, let S^i be an (E, A)-field with 5" C 3^1 C 9- Ev- 
ery (E, A)-isomorphism of S over S^i is over 3^, too, and hence is E-strong. 
Therefore S is E-strongly no rmal over 3^i, and the Galois group G{S/3^i) 
is an E-C-group by Theorem ll.24[ It is obviously a subgroup and an E-C- 
subset [T3^, page 30 and 37] of (j(S/3^)- Thus, G(S/3^i) is an E-C-subgroup 
of G(S/5'). By definition, every element of 5"! is an invariant of G{Q/3^i) in 
S, and, by Proposition [121 Corollary, page 388], every such invariant is in 
3^1. 

For part 2, let be the set of invariants of Gi in G. It is obvious that 
3^1 is a (E, A)-field with 3" C 5"! C S, and therefore, by part 1, G(S/3^i) is 
El-C-subgroup of G(S/5'). Of course Gi C It must be shown that 

Gi = G(S/3'i) under the hypothesis that the elements of Gi rational over C 
are E-dense in Gi. 

Assume that Gi ^ Fix E-C-generic elements G\...ar of the 

E-C-components of G^. By assumption, there exists an element r G 
that is not a E-specialization of any cr^. Fixing elements rji, . . . ,rin G S with 
3^{rii, . . . , rin)E,A = S, by Lemma [0| for each index k there exists a differ- 
ential polynomial G S{l/i, • • • , l/n}{E,A) that vanishes at {(Jkrji, ■ ■ ■ , CTkrjn) 
but not at {rrji, . . . ,Trin). Then vanishes at {arji, . . . ,arin) for all cr 
in the component of cxfc. The product IljFj is a differential polynomial in 
S{yi, • • • , l/n}{E,A) that vanishes at {arji, . . . , arjn) for every cr G Gi but not 
for every a G G(S/5'i). Let F be such a differential polynomial with as few 
non-zero terms as possible. Also suppose that one of the coefficients in F is 
1. Consider any a' G {Gi)e- Then a' is an (E, A)-automorphism of S over 
5". Since F" {crrji, . . . , arjn) = <^'{F{a'~^arii, . . . , cr'~^cT?7„)), F"" vanishes at 
{ar]i, . . . , (T?7n) for every a e Gi, because G Gi- And therefore F — F^ 

does too. Since F — F^ has fewer terms than F, F — F" must vanish at 
(crr^i, . . . , (T?7„) for every a G G(S/9^i). Hence for any a & F — a{F — F" ) 
vanishes at (o"?7i, . . . , ar]n) for every cr G Si but not for every a G G(S/9^i)- 
If F — F*^ were not zero, one could choose a so that F - a{F - F'^ ) has 
fewer terms than F and is nonzero. Therefore F - F'' = for cr' G (Gi)e. 

By part 1, the set {a G G{^/J) \ F = F"} is the E-C-group leaving 
invariant the (E, A)-3'-field generated by the coefficients of F. In particular, 
it is an E-C-subset of G(S/5') and a closed subset of the E-C-topology on 
G(g/3^). If the closed set [a G G(g/J) | F = F-^} n d were not all of d, 
there would be an element of (Gi)e not in {a G G(g/5') | F = F^J n Gi 
since (by hypothesis) (Gi)e is E-dense in Gi. Therefore, Gi C {a G G(S/J') \ 
F = F"}, OT F = F" for all cr G Gi. Since S^i is the (E, A)-field invariant 
under the action of Gi, F G 3^i{yi, ■ ■ ■ , i/n}- However, then F'^ = F for every 
cr G G(g/3'i), so that F{arji . . . arjn) = aF{erji . . . erjn) = 0, since the identity 
e of Gi is contained in Gi. This contradiction shows that Gi = G(g/9^i) 
under the hypothesis that the elements of Gi rational over C are E-dense in 
Gi. 

For part 3, the hypothesis that C is constrainedly closed implies that the 
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elements of Gi rational over C are E-dense in Gi ([121 Proposition 3, page 
84]). □ 



After two preliminary lemmas, the next corollary characterizes the E-C- 
subgroups of G{9/3^) with fixed field "K having the property that S over 3-C 
is strongly normal (in the sense of Kolchin). 

Lemma 2.36 Let G and K be field extensions of F . Let H' he a sub field 
of GK containing K . Put H = G (1 H' . If H' and G are linearly disjoint 
over H and if K and H are linearly disjoint over F, then H' = HK . 

G * GK 



H = GnH' > H' 



F ^ K 



Proof: Evidently HK C H' . Consider any element (p G H' . Fix a basis 
(q) of K over F . By considering 99 as an element of GK^ one may write 
if = (T^PiCi)/ (T,'yjCj), where the and are elements of G, and therefore 
Ti'~fj{cjLp) — S/5jCj = 0. Thus the elements Cjip and Cj of H' are linearly 
dependent over G. By the first hypothesis, they must be linearly dependent 
over H, that is there exist elements Pi and 7^- of H, not all 0, such that 
S7^(cj(y9) — S/3j'ci = 0. By the second hypothesis, the elements Cj of K 
are linearly independent over H, and therefore S7jcj 7^ 0, so that (f = 
{EP'-Ci)/{J:-f'jCj) e HK. This shows that HK = H' . □ 

Lemma 2.37 Let S over J be an E-strongly normal extension of (E, A)- 
fields, and let G = G{S/3^), the associated E-C-group of (E, A)-isomor- 
phisms. Let H be an E-Q-suhgroup of G and he the (E, A) -field of in- 
variants of H in S- If C(o") C CIX^'^ for all a & H, then S over "K as an 
{E, A) -extension is strongly normal in the sense of Kolchin. 

Proof: For all a e H, e{a) C GU^'^ implies aS C SaS = Se{a) C 
3(611^'^) = SIX^'"^. Since a leaves invariant A-constants, it also leaves in- 
variant (E, A)-constants. By [121 Propostion 10, page 393], S over "K as an 
(E, A)-extension is strongly normal as an (E, A)-extension in the sense of 
Kolchin. □ 



26 



Lemma 2.38 Let F be an Fj-field, and let V D F be an E-field that is 
E-universal over F. Let B be an E-3'-set. Let C=F^, and let Ca be the 
algebraic closure of C in V^. // i?v C Bp-^/E, then BpCa ^■^ E-dense in B. 

Proof: Since V is a constrainedly closed extension of F (p3.!, Proposition 3, 
page 84]), By is dense in B [13], Proposition 3, page 84]. However, each 
point of B rational over V is rational over FV^ by assumption. But an 
element constrained over F rational over FV^ is, in fact, rational over FCa 
because an E-extension constrained over C has E-constants algebraic over C 
p!2l Proposition 7(d), page 142]. Therefore, the set BpCa is E-dense in B. □ 

The formulation of the following corollary was influenced by Chapter 3 of 
Sit's thesis [20], in which he considers A-subfields of 3'(t)A over which 3'(t)A 
is strongly normal in the sense of Kolchin, where t is a A-indeterminant over 
the A-field 3^. For instance, the previous lemma is a generalization of [201 
Lemma 2.1, page 652] from an affine E-Zariski closed subset of V" to an 
E^ff'-subset that is not necessarily affine. In this corollary, these ideas have 
been combined with those of Kolchin in the second part of his proof of the 
fundamental theorem for strongly normal extensions ( [T^ Theorem 3, page 
398]). 

Corollary 2.39 Let L = U^'^ and let G = G(g/9'). Let J be the set of 

(E, A) -sub fields "K of ^ containing 5" such that S over J{ is strongly normal 
as an (E, A)-field extension [in the sense of Kolchin), and let § be the set 
of E-Q-subgroups H of G such that C //e-c- Then there is a Galois 

correspondence between J and S. 

Proof: Let IK G J. Then by part 1 of the First Fundamental Theorem I2.34[ 
there exists an E-C-subgroup H = G(S/3-C) of G such that the (E, A)-field 
of invariants of H is "K. Let a G Hua. Because S over J{ is strongly normal 
as an (E, A) -extension (in the sense of Kolchin), a is a strong (in the sense 
of Kolchin) (E, A) -isomorphism of S over [K, and So"S C S ■ £. 

g — > 9^ 



(gi:)^ng = g^ > (g£)^ 



gE.^ > £ 

Apply Lemma [236] to the case G = 9, K = L, F = g^-^, H' = (g£)^ and 
H = g'^. By the linear disjointness of E-constants [12, Corollary 1, page 
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87], and £ are linearly disjoint over S^'^, and S and (SXL)^ are linearly 
disjoint over 9^ by the linear disjointness of A-constants. This lemma then 
implies (g£)^ = g^L. Then, e{a) = (Sag)^ c (g ■ = g^ ■ £ = CL. 
Therefore, cr e Hqjc^, and H ^ §. 

Let if G S, and let J{ be the corresponding subfield of invariants of H in 
g. If the elements of H rati onal o ver C are E-dense in H, by part 1 of the 
First Fundamental Theorem 12. 34^ "K is a differential field with 3" C C g 
and H = G{S/^)- By Lemma 12.37^ g over J{ is strongly normal as an 
(E, A)-extension (in the sense of Kolchin), and G J. 

Let T) = = and let Dq be the algebraic closure of 2) in For 

all H G §, t he set of elements of H rational over CDq is E-dense in H by 
Lemma 12.381 (For the affine lemma of Sit [20', Chapter 2, Section 

2].) By results in the two paragraphs above, if Dq C C or equivalently if 
!DaC = C, then there is a Galois correspondence between 3 and S. 

To prove the corollary without assuming Dq C C, let if G §, and let [K 
be the set of invariants of H in g. It will be shown that H = Gfg/CK). Let 
IK' denote the set of invariants of H in gDa. Then !K' is an (E, A)-field with 

3"Da c:k' c 9Da and g n J{' = J{. 



g n = J{ 



Claim 2.40 The fields S (ind %' are linearly disjoint over 

To prove this, consider elements ipi, . . .Lp^ ^ 3^' that are linearly dependent 
over g. It must be shown that they are linearly dependent over It may be 
assumed that s > 1 and no s — 1 of them are linearly dependent over g. Then 
there exist nonzero elements ai, . . . , G g with S otj^j = 0. Dividing by 

as one may suppose that = 1. For any a & H, since IK' is invariant under 
H, E {aaj)ipj = 0, and therefore S (era,- — aj)ipj = 0. 

Take cr g Hqd^ so that, by definition, C(cr) is algebraic over C. By 
part 1 of the Definition of a pre E-set, G{a) is finitely E-generated over C. 
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Therefore, the degree of 9G{cr) over S is finite. Let fi : SC(o") — ^ for 
i = 1, . . . ,t denote the finite set of isomorphisms (not necessarily differential) 
over S- Suppose /i = id. It is simple to show that each fi is, in fact, an 
(E, A) -isomorphism because 9G{a) over S is algebraic. By Lemma r2.37[ a 
is a strong isomorphism of S over 5" (in the sense of Kolchin) such that 

(gaS)^ = e{(r) C CDa and SaS = ge(a) C SD^- Consider the (E, A)- 
isomorphisms of S defined as (jj = /jcx for i = 1, . . . , t. So a = (Xi. For 
each i, by the definitions of ft and cxj, there exist (E, A)-S-isomorphisms 
i'i '■ So"S — > ScjS such that ipila) = a and '?/'j(cra) = cTja for all a G S- That 
is 0" cTj in G. Since a ^ ai and since if is E-closed in G'(S/5'), cTj G if. 
So that S (afcOj — otj)ipj = (for 1 < < t). If crai — ai 7^ 0, then, 

because fk is an isomorphism over S, 7^ /fc(o"a;i — ai) = /fccrai — /jtai = 
(Tfcai — ai . So, one may divide by a^ai — ai for each A; to obtain 

S ((Tfc«i — ai)~^(crfeaj — (yj)ipj = (for 1 < A; < t). (7) 

l<j<s— 1 

Set a'j = ^^S^ (cTfcai — ai)^^(crA:ttj — ctj) = Tr (crai — ai)^^{craj — aj) 

(Tr is the trace of Sl^a over 9)- By summing the equations [71 one would 
have S a'o?, = 0, a' G S(l < 7 < s — 1), a'l = Tr 1 7^ 0. This contra- 

diets the linear independence of </?!,... , ips-i over S- Therefore, cxai = ai for 
every a G Hqd^. Since i^eDa is E-dense in aai = ai for every a G -ff^A. 
Therefore, ai G IK. Similarly, ak & 'K for every index k, so that yji, . . . , 

are linearly dependent over J{. Th is establishes the claim. 

By the claim and Lemma [2.361 IK' = IKDq. It follows from Theorem 11.301 
that G(g/J{) = G'(gDa/J{2)a) = G{9'Da/:K'). Because it has been shown 
that HeDa is E-dense in H and !K' is the (E, A)-subfield of invariants of H in 
92)a; the Galois correspondence (part 2 of the First Fundamental Theorem 
EMD implies GiSDJ^') = H and, thus, G(g/J{) = i/. Since J{ G J, this 
establishes the Galois correspondence of the theorem. □ 

Corollary 2.41 Assume that C is constrainedly closed over 3" as an E-field. 
Let 3^1 and 3^2 be {E., differential fields contained in S and containing 5". 
Then G{^/-Ji-J2) = G(g/?i) n ^(3/^2), and G(g/3^i n S^s) is the smallest 
E-G-subgroup 0/ G(g/9^) contammg G(g/9^i)G(g/9^2). 

Proof: Observe that an (E, A)-isomorphism of g leaves invariant every ele- 
ment of 9^19^2 if and only if it leaves invariant every element of and every 
element of 3^2- Thus the first assertion is true, because, under the assump- 
tions of this corollary, t he G alois correspondences of the First Fundamental 
Theorem and Corollary 12.391 imply the subgroups Galois groups are uniquely 
determined by the invariant subfields. 

For the second assertion, the smallest E-C-subgroup of G{S/3^) con- 
taining G(g/9^i)G(g/9^2) is of the form G{9/y), where T C 3^1 n 3^2, so 
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that GiSI'J') D G(g/9'i n 3^2). On the other hand, ^(3/9^1 n J's) is a E-C- 
subgroup of G(g/J) containing G(g/9^i) and ^(g/Ja), so that G{^/T) C 

G(gMn3^2). □ 

Theorem 2.42 Assume that C is constrainedly closed over 5" as an E- 
yie/d. Let 5"! C g 6e an {E, A) -field containing 5". T/ien the following four 
conditions are equivalent. 

1. 3^1 is an E-strongly normal extension of 3". 

2. For each element a & with a ^ 3^, there exists an E-strong isomor- 
phism a I of 3^1 over 5" such that aia 7^ a. 

3. G'(g/3'i) is a normal E-subgroup of G{S/3). 

4. aS'i C 3^1 for every a G G(g/3^). 

When these conditions are satisfied, then, for each a G G{^/3), the 
restriction (Xi of a to is an element of G{3i/3^), and the formula a ^ ai 
defines a surjective E-G-homomorphism G{S/3^) G{3^i/3) with kernel 
G{S/^i). 

Remark 2.43 In the proof below, only the implication condition 4 implies 
condition 3 uses part 3 of the First Fundamental Theorem. 

Proof: I f cond ition 1 is satisfied, then, by part 1 of the First Fundamental 
Theorem I2.34[ the set of invariants of G{3^i/3^) in is 3", so that part 2 
is satisfied. Let condition 2 be satisfied. The normahzer N of G(3'i/3') in 
^(g/S^) is a E-e-subgroup of GiS/S") containing G(3^i/9^) [Ip Corollary 2, 
page 103] . By the First and Corollary 12.391 there exists a differential field 
3^2 with 3" C 3^2 C 3^1 such that G{5/3'2) = N. By the universality of 
IX, if (Ti is any E-strong isomorphism of 3^1 over 3", ai can be extended to 
an E-J'-isomorphism of g, that is, to an element a G G{S/3^)- Then for 
any r G G{S/3^i) and any P G 3^i, a/3 = ai/3 G S^iU^, hence rcr/5 = aj3 
and a~^TaP = /?, so that cr^Va G G{5/3i). Thus, cr G A^, so that ai leaves 
invariant every element of 3^2- Since a is an extension of an arbitrary element 
of G(3^i/3^), it follows by condition 2 that 3^2 = 3", that is, = G(g/g^). 
Therefore, condition 3 is proved from condition 2. Next, let condition 3 be 
satisfied. Consider any a G G{5/3) and any P E 3^i. For every r G G{S/3^i), 
a^^ra G G{S/3^i), so that = /? and raP = a(3. Since by Theorem 

4.30, G{^/-Ji) = G{Se{a)/3ie{a)), and since ap G g^g = Se{a), ap is an 
invariant of G'(gC(cr)/3'iC(cr)) in gC((T), an d hen ce, by the first part of the 
First Fundamental Theorem and Corollary I2.39[ aP G 3^iG{a). Therefore 
condition 4 is satisfied. Let condition 4 be satisfied. If a' is any isomorphism 
of 3^1 over 3", then a' can be extended to an element a G G{S/3^)- Then 
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because of condition 4 a'S^i = (r3^i C 3^i%. It follows by [121 Proposition 
10, page 393], that condition 1 is satisfied. Therefore all four conditions are 
equivalent. 

Let the conditions be satisfied. It is obvious that the restriction mapping 
defined by the formula o" t— > (Xi is a group homomorphism G{S/J^) —>■ G{S/3^i) 
with kernel G{S/3^i)- It has already been observed that every isomorphism 
of 3^1 over 3" can be extended to an isomorphism of S, and this shows 
that the homomorphism is surjective. It remains to prove that it is a E-C- 
homomorphism. First of all, e(a) = (3^3) nU^ D (9^i(Ti3^i) nU^ = e(cTi). 

Next, if a' is an E-specialization of cr in G{S/3^), then, by definition, a a' 

9 

(Definition 11.21) . By Lemma [1.3[ this is equivalent to {(j'a)aes is an fE, AV 
S-specialization of {aa)aeg over S, so that a fortiori {a[a)a<=s is an (E, A)- 
S-specialization of ((Tia)ogg over 3^i, that is, a[ is a differential special- 
ization of (Ji by Lemma 11.31 Finally, if a' is a generic specialization of 
a, then by the above, a[ is a generic specialization of (Xi. Since the in- 
duced E-C-isomorphism Sa'^a- C(c") ~ is a restriction of the (E, A)-S- 
isomorphism SaS ~ Sc'S mapping era onto a' a (a G S), and the induced 
E-C-isomorphism Sa[,ai '■ C(cri) ~ is a restriction of the (E, A)-S- 
isomorphism J'laiJ'i ~ 3'icr^?'i over S^i mapping era onto cr'a (a G S^i), it is 
evident that Scr',a is an extension of Scr[,cri- This shows that the restriction 
mapping is a E-C- homomorphism and completes the proof of the theorem. □ 

Corollary 2.44 Assume that C is constrainedly closed over 5" as an E- 
field. Let 3"° denot e the algebraic closure of 3^ in S. Then G{S/3^°) = 
G°{S/3^) ( Definition \2. 33^ . 3"° is an E-strongly normal extension of 3^, and 
^(9^73^) ^ G'(g/:?)/G°(g/3n. in particular, the degree of 3"° over J equals 
the index of G°{5/3^) in G{^/3^), so that J is algebraically closed in S if 
and only if G{^/3^) is connected, and S is algebraic over 3^ if and only if 
G{^/3^) is finite. 

Proof: By the (Definition l2.2l) . there exists an isolated (E, A)-5'-isomorphism 
o"o G G°{^/3^) such that o"o id. By part b of |i3,. Corollary to Proposition 



2, page 388], the set of invariants of G°{^/3^) is 3^°. Therefore, by the First 
Fundamental Theorem, G°(g/9^) = G{^/3^°). As G°{^/3^) is a normal E-C- 
subgroup of G(S/3') [I3l Theorem 1, page 39], the previous theorem shows 
that T is E-strongly normal over 3^ and G{T/^) ^ G{5/3') /G°9/3'). □ 

Corollary 2.45 Assume that G is constrainedly closed over 3" as an E-field. 
Assume that S^K and 3" have the same field of A-constants. Then QdO-C is 
an E-strongly normal extension of 3^. 

Proof: By Corollary I1.14[ S!K is E-strongly normal over 3". By Theorem 
5.43, G{5:K/9) and G{S3{/3{) are normal E-C-subgroups of G{S3{/3'), so 
that their product is also [13, Corollary 2, page 109]. By Corollary 5.42, 
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the product is G{S'^/9 H Since it is normal in G(S3i/3^), it follows by 
Theorem 5.43 that S fl J{ is E-strongly normal over 5". □ 



Theorem 2.46 Assume that C is constrainedly dosed over 5" as an E-field. 
Let £ be an extension of 3" such that H is universal over £ as an E-strongly 
normal extension and the field of A-constants of 9£ is C. Then S£ is an E- 
strongly normal extension of £, for each element r G G'(S£/£) the restriction 
Ti of T to S is an element of (5(3/3 H £), and the formula t \—>- Ti defines 
an E-G -isomorphism G'(3£/£) ~ 6(3/3 H £). 

Proof: For any (E, A)-£-isomorphism r of 3£, Ti is obviously an (E, A)- 
isomorphism of 3 over 3 H £ and hence is E-strong. Therefore, 

r(3£) c 3£ ■ r(3£) = 3£r3 ■ £ = 3ri3 ■ £ = 3e(ri) • £ = 3£e(ri) c 3£U^. 

It follows from Proposition 11.131 3£ is E-strongly normal over £. 

Clearly the formula t Ti defines an injective group homomorphism 
G'(3£/£)^G'(3/3n£). It also follows from the above sequence of equalities 
that 3£e(r) = 3£e(ri) and by [121 Corollary 2, page 88] e(r) = e(ri). If 
T and t' are elements of G'(3£/£) and r — > r', then (r'/3)/3gg£ is an (E, A)- 
specialization of (r/5)/3gg£ over 3£, so that (r{/5)/3gg is an (E, A)-specialization 
of (ri/?)^gg over 3, whence Ti — > t[. If moreover r ^ r', then Ti ^ t[, and 
the (E, A)-isomorphism 3£ ■ t(3£) ~ 3£ ■ t'(3£) over 3£ mapping r/5 onto 
r/3'(/? G S£) is an extension of the (E, A)-isomorphism 3ti3 ~ 3^(3 over 
3 mapping ri/9 onto t[P {(3 G 3)- Since these two (E, A)-isomorphisms are 
extensions of the induced E-isomorphisms 5*^/^,- : C(r) ^ C(t') and 5*,-' ^ : 
e(ri) ^ e(r(), and since e(r) = e(ri) and e(r') = e(r{), 5^/,^ = It 
follows that the injective group homomorphism is an E-C-homomorphism. 
Its image is an E-C-subgroup Gi of G(3/3 H £). If an element a G 3 is an 
invariant of Gi, then it is an invariant of G'(3£/£), whence a G £. Thus, the 
set of invariants of Gi in 3 is 3 H £, so th at Gi = G(3/3 H £) by the First 
Fundamental Theorem and Corollary 12.391 □ 



3 Disjointness from Derivatives 

In this chapter, Kolchin's concept of disjointness is defined and used in two 
ways to construct E-strongly normal extensions. First, an 15-strongly normal 
extension will be constructed with Galois group E-isomorphic to any given 
connected E-group. The method of proof of this result is new even for al- 
gebraic groups in Kolchin's setting [lOl Theorem 2, page 880] and does not 
require the field of constants to be algebraically closed as does the result of 
Kolchin. A second use of these extensions will be to define a functor from 
pre A'-sets to pre A-sets. This takes a_A '-group to a A-group and is compat- 
ible with the Galois theory (Section 13.51) . By combining this result with the 
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First Fundamental Theorem, for any A'-subgroup of an algebraic group, a 
A'-strongly normal extension is obtained with that A'-subgroup as its Galois 
group. 

In this section, A is the union of two disjoint subsets A' and A" and 5" 
is a A-field. 

3.1 Definition of A"- Free 

Definition 3.47 Let A be a A- 3^ -algebra. Let A' be a finite commuting 
subset of the vector space of derivations of IL spanned by A over 5". Let 
A' be a A' -3^-subalgebra of A such that A' generates A as a A-J -algebra. 
Define A to be A/A'-J'-free over A' if any A' -J -homomorphism of A' into 
a A-field extension of 5" can be extended to a A-3^ -homomorphism of A. If 
A is the disjoint union of two subsets A' and A" , define A to be A"-5'-free 
over A' if A is A j A! -J -free over A'. 

Kolchin [13^ Section 7, page 19] uses the terminology "j^' and A are A'- 
disjoint over y instead of A is A/ A'- 5"- free over A'. Although Kolchin's 
terminology does not refer to the ring A that A' A-generates. But A is 
implicit in Kolchin's definition because the A'-algebra A' is assumed to be 
contained in some larger unspecified A-algebra, so that A is uniquely deter- 
mined by A' and the A-algebra containing it. 

The following proposition shows that if A is A/ A'- 5"- free over A' the 
A'-J'-isomorphism class of A' determines the A-J'-isomorphism class of A'^. 

Proposition 3.48 Let A and S be A-3^-algebras that are integral domains. 
Let A' and B' be A' -J -subalgebras of A and S such that A is A/ A' -3^ -free 
over A' and B is A/A'-3^-free over B'. If A' and B' are A' -3^ -isomorphic, 
then A = A'^ and B = B^ are A-J -isomorphic. 

Proof: In the definition of A/ A"- free, the extension A-homomorphism is 
clearly unique because it is determined by the action of the A'-homomorphism 
on A'-ring generators. Let ip' : A' ^ B' be a given A'-J'-isomorphism, and 
let x' ■ 2' ~^ be inverse A'-J'-isomorphism. Then ^p' and x' extend to 
unique A-J'-homomorphisms : — > B and x • ^ The composite 

A-J'-homomorphism : A ^ A is the unique A-S^-homomorphism ex- 
tending the identity A'-iJ'-isomorphism of A' and, therefore, is the identity 
A-9^-isomorphism of A. Similarly, px is the identity, and, therefore, 93 is a 
A-J'-isomorphism. □ 

Corollary 3.49 Let A be an integral domain and A/ A' -J -free over A' . 
Then each A' -automorphism of A' extends uniquely to a A- automorphism 
ofA = A'^. 

The following is the first basic proposition of Kolchin about this concept 
of A/A'-J'-free extensions fTS^, Proposition 9, page 20]. 
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Proposition 3.50 Let t] = {r]j)j^j be a family of elements of a A-field ex- 
tension U that is A-universal over 3", let A' be a commutative linearly in- 
dependent subset of 3^A, and let and ^ denote, respectively, the defining 
A' -ideal of rj in '3^{{yj)j(^j}/\' and the defining A-ideal of rj in 3'{(?/j)jgj}A- 
Then the following three conditions are equivalent. 

1. J{'r]}/\ is A" -free over 

2. J{'r]}/\ is A" -free over 3^{ri)/\i. 

3. ^ = {q3'}A. 

The equivalence of condition 1 and condition 3 in this proposition shows 
that 9^{^7}a is A"-free over 3'{77}a' if and only if {^'}a is the defining A-ideal 
of rj in 3^{{yj)j(zj}/^. This observation enables one to construct a A'-J'-algebra 
S' C It which is A'-isomorphic over 3" to A' and such that S'^ is A/A'-J"- 
free over B'. [131 Proposition 11, page 22]. Just take ^ = (^j)jeJ to be 
an J'-generic A-zero of {^'}a- Then, by the equivalence stated, S^IOa is 
A/A'-J'-free over S', and S' is A'-isomorphic over 5" to A' because ^, as is 
?7, is an J'-generic A'-zero of 

The proof that condition 3 implies condition 1 is straight forward ap- 
plication of the definition of A"-freeness. For simplicity, assume that the 
indexing set J is finite, i.e. 77 = (r^i, . . . ,?7„). Let ip' : A' ^ Xi he & A'- 
ff'-homomorphism. Then, ^p\ri) is a A'-zero of ^' and, thus, a A-zero of 
*P = {^'}a- Since 77 is an ^'-generic A-zero of its defining ideal ^, ^ f'iv)^ 
and, thus, ip' extends to a A-J'-homomorphism ip : A^ = 3^{ri}A ^^{f'v}^^- 

The following proof that condition 1 implies condition 3 is slightly dif- 
ferent than that of Kolchin and will serve to motivate the next proposition. 
Clearly, ^ D {^'}a- Assume that there exists F e ^ C 3^{yi, a 
with F ^ {<P'}a. Since ^ n 3^{?/i, . . . ,|/„}a' = ^' [HI Proposition 8, page 
16], the A-polynomial F ^ 3^{yi, . . . ,yn}A' and, thus, must involve some 
A -derivatives of some Since IX is a A-universal over 5", one may choose 
A-zero ^ = (6, • • • , ^n) e IX'^ of {^'}a C . . . , |/„}a such that F(0 ^ 0. 

Because ^ is a zero of ^', there is a A'-homomorphism of 3^{r]}A' onto 9^{^}a' 
sending 77 to C,- This A'-homomorphism cannot extend to a A-homomorphism 
from 3^{ri}A to S^j^A because F{ri) = and 0- Therefore, A is not 

A/A'-9^-free over A'. 

The existence of the A-polynomial F 'prevents' A from being A/A'-ff'-free 
over A'. Since F ^ 3^{yi, • • • , yn}A', proper A"-derivatives of A'-derivatives 
of (yi, . . . , yn) are present in F. Since r/ is a A-zero of F, some A"-derivatives 
of A' derivatives of r] are algebraically dependent over A'. Thus, the algebraic 
independence of certain of the ring generators of A over A' is a necessary 
condition for freeness. This is made precise in the following proposition, 
which is a generalization of the results of Sit (with A' empty) [2r, Corollaries 
1 and 2, page 25]. 
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Proposition 3.51 Let — i^i, ■ ■ ■ ,Cn) be ^-generators of a A-field over 
If . Assume that A is the union of two disjoint subsets A' and A". Then 
the following statements are equivalent. 

1. The A--J-algebra 3^{9^(Oa'}a is A"-J-free over 3^(0 A'- 

2. Every transcendence basis for the field 3^(0 a' over If is A" -algebraically 

independent over 5". 

3. There exists one transcendence basis for the field over 3^ that 
is A" -algebraically independent over 3^. 

Proof: Because there always exists a transcendence basis for tlie field 3^(C)a' 
over condition 2 implies condition 3. Assuming condition 3, let the tran- 
scendence basis {tiji^i for the field ?'(^)a' over IF be A"-algebraically inde- 
pendent over J. 

Claim 3.52 3^{3^(e) a'}a - 3{i) ^\{e'%)ia,e"e 

Proof: The right hand side is clearly contained in the left. To prove the 
claim, it must be shown that all the A"-derivatives of a e 9^(0 A' are in 
the right hand side. If a e 3{{ti)i(zi), this is clear by the formula for the 
derivative of a quotient. If a is algebraic over 3'((tj)jg/) and not in 3'((tj)ig/), 
let f{x) G 3'((tj)jg/) [,t] be the minimal polynomial for a. For 5" G A", let 

Sf{x) = df/dx, and let (x) be the polynomial obtained from f{x) by 
differentiating the coefficients of f{x) with respect to 6". Then, Sf{a)S"a -\- 
f^ (a) = 0. Since the degree of Sf{x) in x is less than than the degree of the 
minimal polynomial, Sf{a) ^ 0. Then, b" a = — {a)/Sf{a) is an element 

of the right hand side because the coefficients of /^"(x), f^" (a) and 1/5/(0!) 
are in the right hand side. □ 

To show condition 1, let p : IF(C)a' IK be a A'-If-homomorphism to an 
A-ff'-field IK. The 6'% for alH G / and all 9" G ©a" of positive order, in addi- 
tion to being algebraically independent over 3", are algebraically independent 
over 5'(^)a' because an algebraic relation over 3{^)a' would contradict the 
algebraic independence of the family {6"ti)i^i^e"^Q„ over H. Therefore, one 
may extend p to an U-homomorphism of I?(0A'[(^"^j)iG/,6i"e G^//] by defining 
p{9"ti) = 9"p{ti) for alH G / and all 9" G ©a"- To complete the proof of 
condition 1, it will be shown that p is a A-U'-isomorphism. 

To show p is an A"-I?'-homomorphism, since p restricted to 
i&ifi"& 0A//] clearly is, it must be shown that p5"a = 5" pa for all 5" 
in ©A" and for a G I?(C)a' algebraic over 3[{ti)i^i). If a is not in I?'((tj)jg/), 
as before, let f{x) G 3^{{ti)i^i)[x\ be the minimal polynomial for a. Then, 
for 5 G A", Sf{a)5"a + f^" {a) = 0, Sf{a) ^ 0, and 5"a = -f^" (a) / Sf{a) is 
an element of lF(0A'[(^"^j)«e-f,6'"e e^"]) ^^e domain of p. Since p restricted to 
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3^(0 A' is an isomorphism, pa satisfies {pf){x) and Spf{pa) = p{Sf{a)) ^ 0. 
Apply b" to {pf){a) = to obtain Spf{pa)6" pa + {pfY {pa) = and 
6" pa = —{pfY (pa)/ Spf{pa). Since the coefficients of / are in 
where p and S" commute, (pfY (x) = p{f^ )(x). Therefore, 

6"pa = ~{pfY\pa)/Spf{pa) = -p{f"){pa)/Spf{pa) 

= -p((/'")(«))/p(5/(«)) = -p((/'")(«)/5/(«)) = pS"a. 

This A"-5'-homomorphism p is also a A'-ff'-homomorphism because p 
restricted to 9^(0 A' was assumed to be a A'-ff'-isomorphism and because, for 
all 9" in Ga" and all 5' in A', 

p{6'e'%) = p{e"6'u) = e"p{6'u) = e"6'p{u) = 6'e"p{u) = 6'p{e"u). 

Therefore, p is a A-homomorphism of 3^{3^{0a'}a ■ This shows 3^{9^(Oa'}a 
is A"-9^-free over 3^(0 A'- 

Assume condition 1. Let {ti)i^i be a transcendence basis of 9^(0 A' over 
5". Let {yi)i(zi be a family of A"-indeterminates over 5'(^)a'- Define an 
isomorphism over 5" of fields ip : 3^{(ti)i<zi) 9^{{yi)i^j) such that fiti) = 
Hi for each i E I. Then because each element of 3^{^)a' is algebraic over 
(p extends to an isomorphism of 3^(0 A' into an algebraically closed 
field containing 3'((|/i)ig/)A"- Endow the image "K of ip with the unique A'- 
structure such that is a A'- ^'-isomorphism mapping each ti to yi for i in /. 
Then ^{{yi)i£i}A" has a structure of a A"-5'-algebra because the elements 
in "K not in are algebraic over 3'{{yi)i^j) and, as shown in the 

proof of the claim, have uniquely determined A"-derivatives in CK{(?/i)jg/}A"- 
The A'-structure on "K may be extended to all of iK{(?/j)jg/}A" by defining 
(^'{^"yi) = 9"6'yi for each 9" in 6a", each 6' G A' and i E I. Because 
S'6"yi = S"6'yi, the derivation 6'S" — S"6' on is the zero derivation. 

Since it extends uniquely to the zero derivation on !K, 6'6"P = 6"6'P for /3 
in not in 3^{yi)i(zj. This shows that there is a well-defined A-structure on 
UCa" • 

Because condition 3 implies condition 1, JCa" is A"-3'-free over J{. By 
Lemma 8.59, since if from 3^{C,)a' to J{ is an A'-isomorphism, (3^(0 a')a and 
IK{(?/.j)ig/}A" are A-isomorphic over 5" by an isomorphism that sends ti to 

Because the {yi)i<zi are A"-algebraically independent over 3", the {ti)i(zi 
are A"-algebraically independent over 3" also. □ 

The goal of the rest of this section is to analyze the constants of free 
extensions. 

Proposition 3.53 [T2l Exercise 8, page 159] Let IX a A-field universal over 
5". Let ti,...,tn G li be A -algebraically independent over 3". Then each 
element u of . . . ,tn)A not in 3" is A-transcendental over 3". 
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Proof: Let u = P{ti, . . . , t„)/Q(ti, . . . , t„) where P,Q E 3^{yi, ■ ■ ■ , VnjA such 
that PQ ^ J' and gcd(P, Q) = 1. Choose orderly rankings for 3^{yi, . . . , yn}A 
and 3^{z}a- Assume g e J'izjA is of lowest rank among the non-zero A- 
polynomials satisfied by u. Let g — I^Vg + Id-iVg~^ + . . . + /q where d is a 
positive integer, Vg is the leader of g^ and the Ik are A-polynomials in 5'{2;}a 
of lower rank than Vg. Because Jq and 1^ are of lower rank than g, Io{u) ^ 
and Id{u) 7^ 0. If ord Vg = 0, substitute P/Q for z, clear denominators and 
observe P divides Q. But gcd{P,Q) = 1, so it may be assumed that ord 
V > 0. Let Vg, vp and vq be the leaders of g, P and Q, respectively, and Sg, 
Sp and Sq the separants. Write Vg = 9z, where 9 is the non-empty product 
of r derivations from A. 

Claim 3.54 Vg{P/Q) = 9{P/Q) = [Q'-\Sp9vpQ - PSq9vq) + W]/Q'-+^ 
such that W is the sum of terms of rank lower than the maximum rank of 
9vp and 9vq. 

Proof: The claim is clearly true for r = L AssTimc the claim is true for r. 
By differentiating Vg{P/Q) = 9{P/Q) = {Sp9vpQ - PSq9vq)/Q^ + W/Q'+^ 
with respect to one of the 5 e A, Svg{P/Q) = 

59{P/Q) = {Sp59vpQ - PSq59vq)/Q^ + V^/Q^ + {5WQ - (r + 1)W5Q)/Q'+'' 

such that the rank of V is lower than the maximum rank of 59vp and 59vq. 
Since 6WQ and {r + 1)WSQ also have lower than the maximum rank of 69vp 
and S9vq, after adding the three fractions, the claim is true for r + 1. □ 

Let t be a positive integer such that • Ij{P/Q)v^g{P/Q) is a A-poly- 
nomial, in 3^{yi, ■ ■ ■ ,yn}A, for each j = 0, . . . ,d. By substituting u into 
Q^g{z), one obtains the zero A-polynomial 

Q'g(u) = Q\h{P/Q)v1{P/Q) + h-i{P/QX-\P/Q) + . . . + h{P/Q)). 

If rankP > rankQ, then, by the claim, the sum of the highest ranking terms 
of Q*g{P/Q) is the A-polynomial Q*In{P/Q){Q'^~^Sp9vpQY which is equal 
to zero because Q*g{u) = 0. So that, since In{P/Q) 7^ and Q 7^ 0, it follows 
that Sp = Q and P e 5". Thus, Q E 3^ because rankP > rankQ. This is 
contrary to the assumption PQ ^ 3^. If rankQ > rankP, the same type of 
contradiction results. 

If ord P = ord Q, by the claim, 

Q'ln{P/Q)Q^'-'^''iSp9vpQ - PSq9vqY 

= Q'h{P/Q)Q^^-^^\SpQ - PSq)\9vp) 
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is the sum of the highest ranking terms of Q^g and is equal to 0. Therefore, 
{SpQ — PSq) = 0. Then, P divides Sp because gcd(P, Q) = 1. But, this is 
impossible because Sp has lower rank than P. □ 



Corollary 3.55 Let U a A-field ^-universal over J. Let ti, . . . , t„ G U 6e 
/S.- algebraically independent over 5". Then . . . ,tn)^ = 3^'^- 

Proof: The condition that an element be a A-constant is a A-relation on 
that element. This is impossible by the previous proposition. □ 

The next lemma is well-known. 

Lemma 3.56 {The Algebraic Constant Lemma) Let S over 5" be an exten- 
sion of /^-fields. A A-constant of S algebraic over 3" is algebraic over the 
A- constants of J . 

Proof: Let a be a A-constant of S algebraic over 3". Let f{x) G 3^[x\ be 
the minimal polynomial of a over 5". Write f{x) = ,i aiX^ for Oj G 3^. 

Then, for each 5 G A, Sf{a)6a + f^{a) = 0, where Sf{x) is the derivative 
of / with respect to x and f^{x) is the polynomial obtained by applying S 
to the coefficients of f{x). Since 6a = 0, f^{a) = 0. Because the leading 
coefficient of /(x) is 1, the degree of f^{x) is less than that of f{x). Since 
f{x) is the minimal polynomial of a, f^{x) = 0. Consequently, Sai = for 
i = 1, . . . ,d and all 5 G A. Therefore, the coefficients of f{x) are 5-constants 
in 3^, and a is algebraic over 3^^. □ 

Lemma 3.57 {No New /S." -Constant Lemma) Assume that A is the union 
of two disjoint subsets A' and A". Let ^ = (^i, . . . , C,n) be a finite family of 
elements of IL. If the A-ring 3^{3^{0a'}a is A" -"S^-free over 5'(^)a'; then 
the A" -constants of 3^{^)a CL'^e. contained in the algebraic closure of 5"^ in 
5'(0a'- If 3^(0 A' '^s a regular extension of 5", 9^(0 a OL^d 3^ have the same 
A" -constants. 

Proof: By Proposition 13.511 there is a transcendence basis {ti)i<zi for the field 
3^{^) a' over 3^ that is A"-algebraically independent over 5". By Corollary 
13.551 the A"-constants of ?'((tj)ie/)A" are in 3^. 

Let 7 G 3^(0 A be a A"-constant and assume 7 ^ 3'((tj)ie/)A"- Then 7 is 
algebraic over ?'((tj)ie/)A" because C, and all its A ^^ -deri vatives are algebraic 
over 3'((ti)je/)A"- The Algebraic Constant Lemma [3.561 can then be applied 
to show 7 is algebraic over the A"-constants of 5'((tj)i6/)A", which is equal 
to 3^^" by Corollary [3351 If 3^(0 a' is regular over 5", then 9^(C)a is regular 
over 5" (p^ Proposition 10(c), page 21]) and, therefore, 7 G 3". □ 



38 



If the A-ring 3^{3'(Oa'}a is A"-3^-free over 3^(0 a' and if 3^(0 a is a not 
regular extension of 3", there may be some A"-constants in 3^{C,)a' algebraic 
over 3". For example, take 3^ = Q, A' = and <Pa' = {y^ + I) C Q[y] a 
prime ideal. Then {^}a',a" = {z/^ + 1}a" C Q{y}A" is a A-prime ideal ( [T^ 
Proposition 8, page 16 ]). Let ^ be a Q-generic zero of {|/^ + 1}a" in IX. Then, 
by Proposition [3301 Q(Oa is A-Q-free over Q{^). And, since 6"y G {y^ + l}A 
for 5" G A", ^ is a A"-constant of Q(0. In fact, the same technique shows 
that, if = (/) where / G Q[y] is an irreducible polynomial, 5"^ = for 
a Q-generic zero C, of {/}a" in 

The next two propositions analyze A'-constants of 3'(0a instead of the 
A "-const ants. 

Proposition 3.58 Let ^ = (^i,...,^n) be a finite family of elements of 
U. If the A-nng 9'{9'(Oa'}a is A"-3'-free over ?(0a' and if ^ are A'- 
independent over 3^, then (9^(0 a')"^' = ((9'(0a))^' = 9"^'. 

Proof: The set of all the A'-derivatives of ^ is a transcendence basis for 3^{^)a' 
over 3^. By Proposition 13. 51^ they are A"-algebraically independ ent o ver 3^, 
and all the A"-derivatives of C, are A'- independent. By Corollary 13.551 there 
are no new A'-constants, and the conclusion follows. □ 

Proposition 3.59 Let card A' = card A" = 1 and ^ = (^i), and let ^ G IX. 

Let f{y) G 3^^{y}A' such that f{y) = T,aijy'^{6'yy with aij G 3^^. Assume 
/(^) = and S{^) ^ where S{y) is the separant of f relative to an orderly 
ranking of 3^^{y}A'- Also assume the A-ring 3^{3^{0a'}a is A"-3^-free over 
9^(0 A'- If fiy) is of order zero, i.e. aij = for j > 0, then 6'^ = and 
6"^ = 0. If not, then 6'^i/6"^i is a A' -constant of 3^{^)a not in 3^{S)a'- 

Proof: Let and ^ denote, respectively, the prime defining A '-ide als of 
^ in 3^{y\A' and the defining A-ideal of ^ in 3'{?/}a- By Proposition I3.50t 

= m^. 

If 5'y is not present in /, then ^ is algebraic over 3"^. Let g G 3^^[y] be 
the minimal polynomial for ^. Clearly, g G and 5'g G Let S{y) be 
dg/dy. Because g is the minimal polynomial, S{y) ^ Since 6'g = S{y)6'y 
and since is prime, 6'y G ^P' C ^, and S'^ = 0. Similarly, 6"C, = 0. 

If 5'y is present in /, 5'f = S{y)5'^y + {df/dy)5'y and 5" f = S{y)5"5'y + 
{df /dy)6"y are elements of *P = {^'}a, where S{y) = df /d5'y and S{y) ^ 
<p. Then, 

6"y ■ 5'f - 5'y ■ 5" f = S{y){5"y5'^y - 5'y 5" 5'y) 

is also an element of ^. Since Siy) ^ ^, 5"y5''^y — 5'y5"5'y is. Because ^ is a 
A-zero of 5"i5'^i - 5'i5"5'i = 0, and 5'{5'i/5"i) = 0. Since 5'i G 9^(0 A' 
and 5"i i 3^(0 A', clearly 5'i/5"i i 3^(0 a'. □ 

The last proposition applies to the familiar Weiestrass p-function (a A- 
zero of f{y) = {5'yY — y^ ~ ay — b) and the exponential function (a A-zero 
of f{y) = y — 5'y), in which case a new A'-constant is 5'^/ 5"^ = i/5"^. 
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3.2 The E-Group Induced from an Algebraic Group. 

In this section, let 3^ be a A-field and let A' be a commutative linearly 
independent subset of the vector space spanned by A over 3^. Let U be a 
A-universal extension of 5". In [13^ Chapter 2, Section 3, page 56], Kolchin 
develops a procedure for associating to each A'-3^-group G (relative to the 
A'-field It) a A-3'-group Ga (relative to the A-field IX) which is called the 
induced A-ff'-group. The elements of Ga are defined to be the same as those 
of G. If the A'-subfield of IX associated to a; in G is 3^{x)a', the A-subfield 
of U associated to x in Ga is 3^{3^{x)a')a- 

Heuristically, to each open affine B of G defined by a A'-ideal of 
3^{yi, . . . , l/nj-A', one may associate the open affine Ba of Ga defined by the 
A-ideal {^'|a of 3^{yi, . . . ,yn}A- To the element x of G, thought of as a 
A'-zero in It" of corresponds the element x of Ga, thought of as a A- 
zero of {^'}a- The A'-rational functions giving the group law on G are also 
A-rational functions on Ga and give the group law on Ga- An ff'-generic 
element v of G, which is a generic zero of some as above, will be an 
5"- generic element of Ga if and only if it is a generic zero of {^'}a [131 
Theorem 3 (2c), page 58]. The discussion in the last section implies v will be 
an J'-generic element of Ga if f is a J'-generic element of G and {3^{x)a')a 
is A/ A'-?"- free over 3^{x)a'- 

Definition 3.60 [T3t page 56] Let A' be a commutative linearly independent 
subset of 3^ A. Let G be a A'-3^-group {relative to the A'-field It ), and let H 
be an A-3^-group {relative to the A-field U) . A {A, A')-3^-homomorphism of 
H into G is a group homomorphism f : H ^ G that satisfies the following 
three conditions: 

L tfyeH, then^{f{y))A'Cny)A, 

2. ify,y' EH and y y' , then f{y) f{y'), 

3. if y,y' G H and y y' , then SA,y',y extends SA'j{y')j{y)- 

Definition 3.61 [1^ page 57] Let G be a A' -3^-group relative to the universe 
It. A A-3^- group structure on G, denoted by Ga, is said to be induced {by the 
given A' -3^ -group structure on G) if the following two conditions are satisfied: 

L idc is a {A, A') -3^ -homomorphism; 

2. every {A ^ A') -J -homomorphism of a A-3^-group into G is a 
A-3^ -homomorphism. 
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3.3 Varying the Universal field 

For 3" a A-field. the functor "extending the universal field of 5"", has been 
developed by Kolchin. (See [131 Chapter 2, Section 1, Varying the universal 
differential field, page 45] and [ISj Chapter 8, Section 10, The Lie-Cassidy- 
Kovacic method, page 247]). Let V and U be A-extensions of 3^ that are A- 
universal over 3" and such that U C V. The functor "extending the universal 
field of y takes the category of A-J'-groups (relative to IX) and A-J'-group 
homomorphisms to the category of A-S^-groups (relative to V) and A-?"- 
groups homomorphisms. Heuristically, a set defined as the A-zeros in U of 
a system of A-equations is associated to the set of A-zeros in V of the same 
system of A-equations. 

3.4 The Existence Theorem 

The purpose of this section is to prove every connected E-group is isomorphic 
to the Galois group of an E-strongly normal extension. 

Let "J be an E-field, and let V be an E-extension of 3" that is E-universal 
over 5". Let G be a connected E-J'-group (relative to the E-field V). Let 
IK C V an E-extension of 5", with V not necessarily universal over "K. Let x 
be an E-derivation (x commutes with the action of E) of IK into V over 3". 
For each element g of G rational over IK, evaluation at g of E-U-functions 
on G defined at g composed with x is local E-derivation at g. If g is E-IK-^- 
affine, this local derivation can be extended to a unique tangent vector to G 
at g [ini Section 8, Chapter 8]. By right translating this tangent vector to 
all of G, one obtains an element lx{g) of the Lie algebra Cja{G) of invariant 
E-derivations of G which is called the logarithmic derivative of g relative to 
X [131 page 236]. Thus, for any local derivation x at (7 G G, there exists a 
unique element lx{g) of the Lie algebra Cja{G) with the property that 

lx{9){f){9) = x{f{9)) 

for every E-IF-f unction / defined at g. 

In the remainder of this section, let 3^ be an (E, A)-field, let C = 3"^, and 
let U be an (E, A)-extension of 3" that is (E, A)-universal over U". Let G be a 
connected E-C-group (relative to the E-universal field 11^). By extending the 
universal E-field from IX^ to IX, considered as an E-field (Section 13.31 or [T3| 
Chapter 2, Section 1, page 44]), G may be considered as E-C-group (relative 
to the E-field IX) . For each 5 in A and any g in Gu, the logarithmic derivative 
is I6{g) G LEiG). 

The following lemma is one of the well known properties of the logarithmic 
derivative [13], Proposition 8, page 236] and will be used a few times. 

Lemma 3.62 Let x,y & Gu- If ISx = I6y for all 5 G A, there exist an 
element c G G^a such that c = x'^y. 
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Proof: Assume ISx = ISy for all 5 G A. By Remark after Theorem 
3, page 237], for w,z G G, I5{wz) = I6{w) + t^{15{z)) where r* is the 
isomorphism of the Lie algebra induced by conjugation with w. By letting 
w = X and z = x~^y, lS{y) = I6{x) + Tf{l5{x~^y)). So = T^{l6{x~^y)), 
and = I6{x~^y). Then c = x~^y G Gu^ [131 Proposition 8(c), page 236]. □ 

Definition 3.63 The element a G Gu is a G-primitive over 5" if the loga- 
rithmic derivative I6{a) G ^E.s'iG) for each 6 E A. A G-primitive extension 
is an extension of 5" of the form 3^{a) where a is a G-primitive over 3". 

Proposition 3.64 Let a be a G-primitive over 3" such that the field of A- 
constants of 3'(a)E,A is C. Then ?'(a)E,A is an E-strongly normal extension 
of 5" {relative to (E, A)-field'U,) , and the map c : G{3^{a)E,A/3^) ^ G defined 
by c{a) = a~^aa defines an infective E-G-homomorphism of E-Q-groups 
{relative to the E-fieldU^). 

Proof: Since a is a G-primitive over 5", I6{a) G Cje,3'{G) for each 5 G A. So 
that, for any (E, A)-isomorphism a of 5'(q!)e,a over 5", cr{l6{a)) = I6{a) for 
6 E A. Also, I5{aa) = a{lS{a)) for all 5 G A by [131 Proposition 8(b), page 
236]. Therefore, I6{aa) = lS{a), and, by Lemma [3221 c(o") = a~^aa is an 
element of G^a . Since 

cr(5'(a)E,A) C 3'(a)E,Acr(5'(a)E,A) = 3'{a,aa)E,A 

= 3'(a,c((j)))E,A = 3'(«)E,Ae(c((T))E, 

3^{a) is E-strongly normal over 3" by Proposition II. 13[ By definition, C(o") = 
(J(a)E,AC^(9'(a)E,A))^. Therefore, e{a) = e(c(a))E by [121 Corollary 2 to 
Theorem 1, page 88]. For any a, r G G{9^{a)E,A/3^), c is a group homo- 
morphism since ac{aT) = ara = a{ac{T)) = aa o c(r) = ac(cr)c(r). If a 
is in the kernel of c, aa = ac(cr) = a and, hence, a = id^i^a) because a 
(E, A)-generates 5'{a)E,A- Therefore c is injective. 

To prove that c is an E -C-homomorphism, it will be shown to be pre E-C- 
mapping (Definition 11.201) . Then, since c is a homomorphism, [131 Corollary 
1, page 90] implies that c is an E-C-homomorphism. Parts 1,2 and 3 of 
the Definition 11.201 follow by taking the domain to consist only of C-generic 
elements and from the fact that C((j) = C(c((j))e- To show part 4 of the 
definition, take cr a' two C-generic elements. By the definition of C- 
generic E-specialization in G(5'(a)E,A/9^), there exists an (E, A)-3'(a)E,A- 
isomorphism (p : 3'(a)E,AC"(9^(tt)E,A) ~ 9^(q^)e,a'^'(3^(q^)e,a) that maps ex/? 
onto cr'/3 for each [3 G 3^ {a). Therefore, ip{c{a)) = (p{a~^aa) = a~^a'a = 
c{a'). Thus, the induced E-C- isomorphism Sc(a'),c{cT) obtained by restricting 
(fi to C((t) = C(c(cr))E, is exactly the induced E-C-isomorphism S^f^a, and 
c{a)^c{a'). ' □ 

The following Lemma has a pivotal role in the next theorem. 
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Lemma 3.65 Let G he a connected E-Q-group [relative to the U). Let rj 

and ^ be elements of Gu, i-e. elements of G rational over U. Assume rj 
is Q-generic and C(?7)^ = C // lS{ri) = M(^) for all 6 E A, then ^ is 
G-generic, and rj ^ ^ in G. 

Proof: By Lemma I3.62[ there exists 7 G such that 777 = S,- By the 

theorem on the hnear disjointness of A-constants [121 Corollary 1, page 87], 
6(77) and 6(7) are linearly disjoint over C. By Theorem 1(d), page 39 , 
777 is a C-generic element of Ge,a- Since 777 = ^, ^ is C-generic. Because G 
is connected, rj ^ ^ in G. □ 

For the proof the next Theorem, one uses the fact that the elements of 
G (relative to the E- field 11^) are contained in {Ge,a)u^, as the following 
discussion indicates. An E-C-group G (relative to the E-field U^) IS given. 
Let Gu (relative to U) be the E-C-group obtained from G (relative to U^) 
by extending the universal differential field from IX^ to 11. The elements of 
G (relative to U^) are the elements {Gu)u^ of the E-group Gu (relative to 
U) rational over U^. Let Ge.a (relative to the (E, A)-field U) be the (E, A)- 
C-group obtained from the E-C-group Gu (relative to U) by extending the 
derivations from E to (E, A). From the discussion in the preceding section 
on the (E, A)-C-group Ge,a, the elements of the E-C-group Gu are included 
in the elements of the (E, A)-C-group Ge.a- Therefore the elements of the 
E-C-group G (relative to U^) are elements (Ge,a)u^ of (E, A)-C-group Ge,a 
(relative to the (E,A)-field U). 

Theorem 3.66 Let G be a connected E-Q-group ( relative to the E-field 
U^). Let rj be a C-generic element of Ge,a- Then, S = G{v)e,a is E- 
strongly normal over 3" = C(/5i?7)e,a ■ ■ ■ C(/5m'7)E,A [relative to the (E, A)- 
field U) such that the Galois group G[S/3^) [relative to the E-field U^) 
is E-G-isomorphic to G. 

Proof: Since the E-C-group G (relative to the E-field U^) is connected, the 
E-C-group G (relative to the E-field IX) is connected [131 Section 1, page 44]. 
This implies that the (E, A)-C-group Ge,a (relative to the (E, A)-field U) is 
connected [HI Theorem 3, page 58]. 

By Proposition 13.501 C{C(77)e}a is A-free over C(?7)e. Because Ge,a is 
connected, S = G{ri)E,A is a regular extension of C by the third axiom for 
E-groups. The No New A"-Constant Lemma 13.571 then implies that the A- 
constants of S = G{ri)E,A are in C. 

Set S = C(77)e,a and 3" = C(/5i?7)e,a ■ ■ ■ ^{ISmV)^^- Since for each 5 G A, 
16 : Ge,a ('^e,3^(G'))e,a is a pre (E, A)-mapping [131 Corollary, page 243], 
C(/5r/)E,A C e{r])E,A for each 6 A. Therefore, 3^ C S, and = 3^^ = C. By 
construction, rj is a. G-primitive over 5". By Proposition 13. 64^ S is strongly 
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El- normal over 5", and the map c : /3^) ^ G defined by c(cr) = rj'^ar] is 
an injective E-C-homomorphism. 

To show that c is surjective, let (3 be any element of the connected E- 
C-group G (relative to the universal E-field U^). Using the identification of 
the elements of the E-C-group G (relative to the E-field U^) with the subset 
{Ge,a)u^ of the elements of the (E, A)-C-group Ge,a (relative to the (E, A)- 
field U), consider /3 as an element of Ge.a- Because I5{rj(3) = l6{r])+T*l6{P) = 
lS{rj), Lemma [3.651 implies rj ^ rjjS. Then, by part 3 in the definition of a 
pre set, there is an (E, A)-isomorphism S(^e,a),vI^,v '■ ^(^)e,a ~ C(^/5)e,a 
over C. Let a = S(^e,a),vI3,v DAS 2b in the definition of a pre set, 
there exist a unique element x of Ge.a such that r] ^ x, S(^e,a),x,v ~ ^^"^ 
(j(C(?7)e,a) = C(a;)E,A- This element x is the definition of gt] [131 page 30]. 
Therefore, ai] = rjjS. For all 5 G A, the computation al6{ri) = lS{ai]) = 
lS{r]j3) = lS{ri) + t*15{(3) = Idijf) shows that is invariant under a, and, 

hence, a G G{^/J). Then, c is surjective since c{a) = rj^^ar] = /?. Because 
a bijective I5-C-homomorphism of E-C-groups is an E-C-isomorphism [121 
Corollary 4, page 97], c is an E-C-isomorphism. □ 

For given E-group, the procedure in the next corollary constructs an E- 
strongly normal extension in two stages. 

Corollary 3.67 Assume A = {6}. Let G be a connected E-Q-group {relative 
to the E-field U"^). Let Ge,a be the (E, A)-e -group [relative to the (E, A)- 
field U) obtained by first extending the universal E-field from li^ to U and 
then by extending the the derivations from E to (E, A). First choose a C- 
generic element a of ^E,e{G)E,A' then choose an element b of Ge,a such 
that 16(b) = a. Then b is a G-generic element of Ge,a, o^nd C(6)(e,a) over 
C(a)(E,A) is E-strongly normal {relative to the {E, A)-field U) with Galois 
group E-Q-isomorphic to G. 

Proof: There exist a C-generic element a of CjE,e{G)E,A because of the def- 
inition of pre (E, A)-sets. That b exists follows from the surjectivity of the 
logarithmic derivative [T3| Proposition 11, page 240]. 

Let ?7 be a C-generic element of (j'e,a- Set S = G{ri)E,A and 5" = G{l6ri)E,A- 
By the previous theorem, S over If is an E-strongly normal extension with 
Galois group G(S/3^) which is E-C-isomorphic to G (relative to the universal 
E-field U^). The proof of this corollary will be accomplished by showing that 
C(&)e,a is (E, A)-isomorphic to C(?7)e,a over C. 

Because r] is a C-generic element of Ge,a and the logarithmic derivative 
16 is a surjective (E, A)-C-mapping, I6ri is a C-generic element of 'C;E,e(G')E,A 
because, if t is any element of '^E,e{G)E,A and ^ is an element of Ge,a such 
that 16^ = t, then rj ^ implies I6r] 16C, = t since 16 is pre (E, A)- 
mapping [121 Corollary, page 242]. Because a and I6r] are both C-generic 
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elements of ^E,e{G)E,Ay there exists an (E, A)-isomorphism (p over C from 
C(a)E,A to C{lSri)E,A- Because U is (E, A) -universal over C(a)E,A, extends 
to an (E, A)-C-isomorpliism, also called ip, from C(6)e,a to U. 

Since b is an element of Ge,a, by DAS 2b in the definition of pre sets, 
there exist a unique x in Ge,a with b ^ x such that C(x)e,a = V'(C(&)e,a) 
and 5'(E,A),e,fe,a; = Since isomorphisms over C commute with the logarith- 
mic derivative [131 Pro positi on 8, page 236], lS{x) = I6{ipb) = ip{l6{b)) = 
(fa = lS{ri). By Lemma [3.651 x is a C-generic element of Ge,a, and x r]. 
Therefore, b ^ f], and 6 is a C-generic element of Ge.a- Because S(^E,A),v,b '■ 
C(&)e,a ~ C{^?)e,a is an (E, A)-C-isomorphism and 5'(E,A),7?,fe(C(a))E,A = 
C(/(5(?7))e,a, by Proposition [T3I1 C(&)(e,a) over C(a)(E,A) is E-strongly normal 
with Galois group E-C-isomorphic to G. □ 

3.5 The E-Strongly Normal Extension Corresponding 
to the E-Group Induced from an Algebraic Group. 

This section is a precise explanation of the heuristics described in the fourth 
paragraph of the introduction. In particular, given a linear differential op- 
erator L in the variable x such that the coefficients are in the (Z)j, Dx)-fie\d 
5". Let S' be the extension D^-Held of the coefficient field 3" generated by a 
fundamental system of Dx-zeros of L. Furthermore, assume the D^^-constants 
of S' equals those of 3" so that the extension S' over 3^ is strongly normal 
with Galois group G. Let S be the {Dt, Da;)-field generated by S' such that 
the Da;-constants of S equals those of 3", which is true if the function field 
are analytic functions of two variables. Then S is a Dt-strongly normal ex- 
tension of 3", and the Galois groups H is an Dt-group. Corollary 13.711 shows 
that H is embedded via a D^-homomorphism t o th e Z^r group Gd^ induced 
from G by the extension of derivations (Section 13. 2p . An open problem is to 
compute the Z)f-Galois groups of classical differential equations depending 
on parameters, such as the hypergeometric differential equation. 

If A is an A-ring which is a subset of an (E, A)-ring, Ae will denote 
the (E, A)-ring generated by A. If A is an A-ring which is a subset of 
an (E, A)-field, A(e) will denote the (E, A)-field generated by A. Always 
(A^)(E) C {A(E))'^. Also, please note that, if A and B are two A-rings which 
are subsets of an (E, A)-field, (y4[_B])(E) = A(e) ■ -^(e)- 

In this section, the following notations will be used. Let IX an (E, A)-field 
that is (E, A)-universal over some (E, A)-field. Consider E as the union of 
two disjoint subsets E' and E". Let 3^' be an (E', A)-subfield of U such that 
IX is universal over 5'(e") as (E, A)-fields. This implies that IX considered as 
an (E', A)-field is also (E', A)-universal over 3"'. Let S' be an (E', A)-subfield 
of iX which is an E'-strongly normal extension of 5"' relative to the universal 
(E',A)-field U. Also, let S = (g')(E"), 3" = (9")(e"), C' = 9'^ = 3^'^ and 
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C = S^. Thi s defin ition of C is a change in notation from the usual C = 3^^. 
(See Remark [3 -GQi ) 

s' — > g — > g = se 



T — > 3" — > s^e 



e' — ^ — > e 

All the results in this section relate the Galois groups of the (E', A)-fields 
g' over 3"' to the Galois group of the (E, A)-fields gC = g over J'C and consti- 
tute a straight forward application of basic definitions. In one's first reading 
of this material, the reader may assume that E' is empty. The theorems are 
presented in the increased generality, with E' not empty, because no extra 
work is involved and they might be useful. 

Lemma 3.68 Let g' be an {E' ^ IS) -sub field of Xi which is an Yj' -strongly 
normal extension of the Yj' -field 3"' relative to the {Fj' , IS) -universal (E', A)- 
field U. Assume IX is (E, A) -universal over g = 9[e")- Then any (E, A)- 
isomorphism cr o/ g = gC into U over 3^C is E-strong. Furthermore, 

(g^g)^ = ((gvg')(E"))^ = e((gvg')^)(E"), and e{a) = e ■ e'{ci)^j,.y 

Remark 3.69 The field generated by the E" -derivatives of S' "may contain 
new A-constants not in the field generated by the E" -derivatives of 3^' . An 
example of a strongly normal extension of A-fields g' over 5"' with this prop- 
erty is any g' generated by a Weierstrassian over a field of A-constants "J' . 
{See [m Examples, page 405] and Corollary \3. 591 ) This means that, in the 
lemma, for a to be E-strong it must leave fixed a field C of A-constants that 
might include A-constants not in C 

Proof: Because a is an (E, A)-isomorphism of g over ^FC and C = g^, a 
leaves the A-constants C of g invariant. Since a restricted to S' is E'-strong, 
a9' C and 9' C ag'lt^. Then, 

o"g = cr(g(E")) = (crg')(E") c (g'u^)(E") = g(E")(^'^)(E") = g^'^^ 

and 

g = S[e") C (ag'U^)(E") = (ag')(E")CU'')(E") = cr{9[^.))U'^ = cr(g)U^. 
Therefore, a is E-strong. 



46 



For the first equality, 



(SaS)^ = (S'(E")^(S(E")))'' = (S(E")(^s'){E"))^ = ((svg')(E"))^- 

Since the E'-strong normality of a implies S'o"S' = S'(S'o"9')'^) above se- 
quence of equalities is equal to 

((s'(svs')^)(E"))^ = (S'(E")((SW)^)(E"))^ = (s • ((svg')^)(E"))^ 
= (S ■ e((gvg')^)(E"))^ = e((gvg')^)(E"), 

where the last equality follows from [121 Corollary 2, page 88] because g and 
the A-constants C((gcrg)^)(£;/') are linearly disjoint over C. The last equality 
of the proposition follows from the first two equalities and the definitions of 
Q{a) and &{cj) as (g^g)^ and (gVg')^. □ 

Proposition 3.70 Let g' be an (E', A)-subfield of U which is an E' -strongly 
normal extension of 3"' relative to the universal (E' , A) -field IX. Then g 
is an E-strongly normal extension of 3'C relative to the universal (E, A) - 
field li. Define the map p from the E-Q-group G(g/5'C) to the E' -Q-group 
G{S'Q/yQ) that associates to an [E, A)-3^Q-isomorphism of S its rest rictio n 
to g'C. Then p is an infective {E,E') -Q-homomorphism (Definition \3. 60[ ) . 
Furthermore, e{a) = C ■ e'(p(cr))(E")- 

Proof: Because g' over 5"' is finitely (E', A)-generated, g over and, there- 
fore, g over are finitely (E, A)-generated. By Lemma I3.68[ any (E, A)- 
isomorphism of g over 3'C is E-strong. And, since g^ = (J'C)^, g over 3^Q is 
I5-strongly norm al. 

By Theorem QUI G(g'e/3^'e) is the induced E'-C-group of the E'-C- 
group G{S'/y), both being identified with each other by means of their 
canonical identifications with the group of (E', A)-automorphisms of g'lX^ 
over That p is a group homomorphism is clear by identifying the E- 
group G(g/9'e) with (E, A)-automorphisms of over J'CU^ = 311^ and 
the E'-group G(g'e/9^'e) with (E', A)-automorphisms of g'lX^ over TU^ 
and observing that the restriction p preserves composition in these groups. 
Because any set of (E', A)-generators of the (E', A)-field g'C over are 
(E, A)-generators of the (E, A)-field gC over J'C, p is injective. 

To show p is an (E, E')-C- homomorphism each part of Definiti on 13.601 will 
be verified. For a E G(g/9^e), e{a) = C ■ e'(p(a))(E") by LemmaESi Since 
e ■ e'(p(a)) = e(p(a)) (Theorem OOD, it follows that e{a) D e(p(a)). If 
(T — >■ r for cr, r G G{S/3^G), then, by the definition of specialization, there is 
an (E, A)-homomorphism ip : g[o"g] 9[tS] over g such that ip{aa) = ra for 
all a G g. Since g'C C g, the restriction of ^ to g'e[p(cT)(g'e)] is an (E', A)- 
homomorphism 9' G[pi(r) {S' G)] S'G[p{a){S'e)] over g'C which takes p{a)a 
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to p{T)a for all a G ^"K. Therefore, by definition, p(cr) — > p(t). If cr r, 
then the (E, A)-homomorphism y?, defined above, is an (E, A)-isomorphism 
and, therefore, extends to an (E, A)-isomorphism, also denoted by if, of the 
E-field SaS to the field SrS. The restriction of this (E, A)-isomorphism to 
(ScrS)^ = is the induced E-C-isomorphism 5'e;t,o- : C(o")e G{'t)e- 

The (E, A)-isomorphism (p also restricts to an (E', A)-C-isomorphism from 
the (E', A)-field g'p(a)g' to the (E', A)-field S'p(^)S', which in turn restricts 
to the induced E'-C-isomorphism 5'e';p(t),p((t) : e(p(c^))E' ^ e(p(r))E'. Since 
e(/o(a))E' C e(cr)£;, SE;T,a extends Se'-p(t),p{^)- □ 

This Proposition, in the case E' is empty, can be used to produce examples 
of E-strongly normal extensions. Start with a A-extension S' over 3^' which 
is strongly normal (in the sense of Kolchin) such that the coefficients of the 
differential equations defining S' over 5"' depend on parameter t. Assume 
that the A-field 3" is closed with respect to differentiation by t. Differentiate 
the elements of S with respect to t to generate a {d/dt, A}-field extension S. 
Then if (S)^ C 5", S over 5" is {(i/(it}-strongly normal over 5". 

Corollary 3.71 In the above proposition, assume C = 9'^ C 5"^ = C. Then 
the infective {E,E')-Q-homomorphism p : G{S/3^) G{S'/3^') identifies 
the E-Q-group G{S/3^) with an E-Q-subgroup of the E-Q-group G'(S'/3'')e 
induced fro m th e E' -Q- group G{^' /J') by extending the derivations to E 
(DefimtionlEIM). 

Proof: Kolchin proved that the induced E-C- g roup G{S'/3^')e always exists 
pTSi Theorem 3, page 58]. By Definition 13.611 of the induced E-group, the 
(E, E')-C-homomorphism p of the last proposition extends to a unique E-C- 
homomorphism p : G{S/3^) — > G'(9V3^')e- It is also injective because p and 
p are equal on the elements of G{S/3^)- The image of an E-C-group under an 
E-C homomorphism is a E-C-subgroup [131 Proposition 4, page 92]. Because 
p is a bijective E-C-homomorphism of G(S/3^) to its image, the E-C-group 
G{S/3^) and its image in G{5'/3^')e are E-C-isomorphic [131 Corollary 4, page 



4 Examples 

In this chapter, 3^ will denote an (E, A)-field, and IX will denote an (E, A)- 
field universal over 5". The field % of A-constants of 11 is, as an E-field, 
I5-universal over the A-constants C of 3". 

4.1 G^j'-extensions 

Denote the additive (E, A)-Q-group [T3^, page 28] (relative to U) by the 
symbol Gf'^. The elements of Gf''^ are those of IX, and its group structure 




□ 
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is that of the field IX under addition. Similarly, will denote the additive 
E-Q-group (relative to %) with elements those of %. Let k, G d{Ga'^) 
the canonical coordinate function on G^'^. Then, 6iK G ^^(Gf'^), and the 
E-9^-mapping I A = {6ik, . . . , S^k) : Gf^ (G^'^)" [ISl Proposition 6, page 
129] is the logarithmic derivation on G^'^ relative to A [121 Example 1, page 
352 . By [13, Proposition 3, page 89], it is an (E, A)-5'-homomorphism. The 
kernel of I A is the (E, A)-3'-subgroup consisting of (E, A)-zeros of the (E, A)- 
ideal [Siy, . . . , 6my] C 3'{i/}e,a and can be identified with G^ relative to the 
E-universal field %. 



Definition 4.72 An element a ^ 11 is A-primitive over 5" if lAa G 3"™; 
that is, for suitable elements G 3^, a satisfies the system of dif- 

ferential equations 

6ia = tti {1 <i <m). 

Let a be A-primitive over 3", and suppose that the field of A-constants 
of 3'(a)E,A is 6 = 3^^. For any (E, A)-isomorphism a of 5'(a)E,A over 3", 
((5i(cra), . . . , (5m(o"a)) = (cr(5ia), . . . , o"(5ma)) = (^la, . . . , hence the 

difference c{a)=aa — a is in the kernel of the above homomorphism 15 and 
a A-constant. As 

J(a)E,A0-(5'(a)E,A) = 9'(a)E,A3^('^«)E,A 

= 3'(a)E,A5'(" + c(cr))E,A = 3'(a)E,AC(c(o-))E,A, 
it follows that 9^(«)e,a is E-strongly normal over 5", and 
C(o")e = (5'(tt)E,AC"(5'(«)E,A))^ = C(c(cr))E. For any two elements 
0", cr' G G(5'(a;)E,A/3') (regarded as elements of Aut£;^A(5'(a)E,A3C/3^3*C) by 
means of Proposition II. 151) . 

a + c(crcr') = aa'a = a{a + c{a')) = aa + c(cr') = a + c{a) + c(cr') 

since c(cr') G 3C and, thus, a{c{a')) = c(cr'). Therefore, c{aa') = c(cr) + c((j'), 
and, evidently, c{a) = only when a = idjr(^^^^ ^ . This proves the first 
part of the following proposition, and the remainder is the same as that of 
Proposition I3.64[ 

Proposition 4.73 Let a he a A-primitive over 3", and suppose that the 
field of A-constants of 9^(a)E,A is Q = 3^^. Then, each (E, A) -3^ -isomor- 
phism o of 5'(a)E,A '^''nto IX is of the form aa = a + c{a) for c{a) G %. 
In addition, 3'(q!)e,a is 'E-strongly normal over 5", and the mapping c : 

G(IF(a;)E,A/5') — »■ G^ defined by c{a) = era — a for a G G{3^{a)E,A/3^) is 
an injective E-Q -homomorphism of E-groups relative to the E-universal field 
%. Consequently, 3'(a)E,A is a G^-extension of 5". 
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Proposition 4.74 Let G he an E-C-subgroup ofG^. Let £ C Q{y}^ be the 
linear E-ideal defining G [13, page 151]. Let b & U be a C-generic (E, A)- 
zero of ^A,E C G{y}^^. Let a = (ai,...,am) = l^b. Put 3^ = G{a)E,A, 
and S = 3^{b)E,A- Then S over 5" is an E-strongly normal extension with 
Galois group E-Q-isomorphic to G. 

Proof: This is a special case of Theorem I3.66[ □ 

Let S be E-strongly normal over 5" with Galois group G C . Theorem 
II .241 shows that G is an E-C-group where C = 3"^. By [131 page 151], G is set 
of E-zeros of a linear E-ideal ^ C{/€}e, where k is the canonical coordinate 
function on G^. Each E-C-subgroup C G is also the E-zeros of a linear 
E-ideal C C{?/}e such that ^ L^. Recall, by the definition of a linear 
E-ideal £, £ = [£i]e where Li is the subset of elements of L of degree one. 
For each H G G, the following proposition exhibits the subfield of S invariant 
under the action of H and, thus, specifies the Galois correspondence, even if 
C = 3"^ is not constrainedly closed. 

Proposition 4.75 Let S be an E-strongly normal extension of 3" with Ga- 
lois group G{S/3^) ^ G^. Assume that S = 5'(&)e,a where b E U is 
a A-primitive over 3". Then, their exists a Galois correspondence which 
to each E-C-subgroup H of G{S/3^) associates the {E, A)-subfield = 
5'((L(6))igi:^)E,A ^ S, where Lh ^ is the linear E-ideal defining 

H and k, is the canonical coordinate function on % = G^ . 

G(g/:K) 3^ 



H ^ J{ = = J((L6)z.ei:,)E,A 



1 S 



Proof: Since Lh = ['C'//,i]e, it follows that "K = 3^ {{L{b)) LeLn i)'e,a- Let 
a e G{S/^)- By Proposition 11231 a{b) = b + c(a) for c{cr) G 'X. ' For all 

L(b) = a{L{b)) = L{a{b)) = L{b + c(a)) = L{b) + L(c((t)) : 

thus L(c(cr)) = 0. Therefore, c(cr) is an E-zero of Lh-, cr E H and H D 
G{9/:K). liaeH, 

a{L{b)) = L{a{b)) = L{b + c{a)) = L{b) + L(c(a)) = L{b) (8) 
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for L G £i, and H C G{9/^). 



□ 



For simplicity, assume A = {6} throughout the remainder of this section. 
In the next proposition, if b is A-primitive over 5", the Galois group of S = 
3^(&)e,a over 5" is completely determined hj a = 6b E 3^. 

Proposition 4.76 Let b be a A-primitive over 3^, and let S = 3'(6)e,a- 
Assume that = 3"^. Let a = 5b, let La,i = {L{y) G e{y}E,i I L{a) e 63"}, 
and let La = [La,i]E- Let G = Gal{S/3^), and let c : G ^ V be the E- 
3^-homomorphism defined by c(cr) = cr(6) — b. Then, the defining E-ideal 
21 c(G) C e{y}E of c{G) is La. 

Proof: By Proposition 14.731 S over 5" is E-strongly normal, and G is an E-C- 
group. By [131 page 151], the E-C-group c{G) C Grf is the set of E-zeros of a 
linear E-ideal 21 c(g) C C{?/}e- Also, Proposition 14. 731 shows that each a G G 
is of the form a{b) = b + c{a) for an E-zero c{a) of 21c(g)- 

For each linear L{y) G 21 c{g)? Equation [8] above shows L{b) is invariant 
under all elements of G. Thus, L{b) G 5", and L{b) = f for some f E 3^. 
Hence 

L(a) = L(56) = 6{L{b)) = 6f. 

Therefore, 21 c(g) ^ -C'a- 

On the other hand, let L{y) G Then L(a) = 6f for f E 3^, and 

— / is a A-constant because 5{L{b) — /) = — 6f = L{a) — 6f = 0. 

Therefore, L{b) - / G C C 9^, and G 9^. Hence, for all a EG, a{L{b)) = 
L{b), and the computation 

L{c{a)) = L{a{b) -b) = L{a{b)) - L{b) = (x{L{b)) - L{b) = 

shows that 21 c{g) 12 La- □ 

The following is a simple example of an E-strongly normal extension 9 
over 3" such that the transcendence degree of S over 3" is infinite in the usual 
algebraic sense. Let 3" C U be an (E, A)-field containing an element a that 
is linearly E-iF^-independent modulo S3^ (Definition I5.10ip . For instance, 
any a E C{t)E,A, a ^ 3^, where t is (E, A) -independent over 3^ satisfies this 
condition by Proposition l3.53[ Let 6 G IX be an (E, A)-zero of the (E, A)-ideal 
{Sy - a}E,A C ^{2/}e,a. Let S = 3^(6)e,a. By Corollary [Em {3'{b)EA)^ = 
5"^. Therefore, S is E-strongly normal over 3^ by Proposition I4.73[ Since 
b is E-independent over 5", S = 9^(&)e,a has infinite transcendence degree 
over 5". In fact c(G(S/9^)) = G^, because if a nonzero L{y) E C{?/}e,i is in 
the defining E-ideal of c(G(S/3^)) by the previous proposition, there exist an 
f eJ such that L{a) = 6f. This contradicts the fact that 1, b, eb, e^b, . . . are 
linearly independent over 3" (Proposition 15.96]) . 
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Corollary 4.77 Assume E = {e} and A = {S}. Let !K be an algebraically 
closed (E, A)-field such that Oi.^ = J-C, let 5" = ^{x)e,a, where x G IX, 
ex = and 6x = 1, and as usual let C = = Ji.^. Then, there is 
no A-primitive E-strongly normal extension of 3" with Galois group E-C- 
isomorphic to G^. 

Remark 4.78 This remains true if the hypothesis that "K be an algebraically 
closed is omitted; the following proof must be modified to take the structure 
of irreducibles into account in the partial fraction decomposition. 

Proof: Assume that there exist an A-primitive E-strongly normal extension 
S of 3" with Galois group G that is E-C-isomorphic to G^. Let 6 G U be 
a A-primitive over 3^ such that 56 = a G 3" and S = 9^(6)e,a- Let a = 

p{x) + T^ij , for p{x) G and hi, hij G "K, be the partial fraction 

[x — hiy 

decomposition of a. If hi^i = for all i, a = 6f for / G 5", and b — f & S 
is a A-constant not in 5", which contracts the assumption that S over 5" is 
E-strongly normal (Proposition 11.1^ . Therefore, /ij^i ^ for at least one i, 
and there exists a non-zero L{y) = 



hi,i 


h2,i ■ 


hr,l 


y 


e/ii,i 












• e''hr,i 


e'^y 



G J{{?/}e,i such that the finitely many hi^i span over IK^'^ the linear space of 
E- zeros of L{y). By Lemma |4. 791 below, since L{hi^i) = for all i, L[a) G 53^. 
By Proposition 14. 76( L{y) is contained in the defining E-ideal of c(G), which 
contradicts the assumption that G is E-C-isomorphic to G^. □ 

Lemma 4.79 Assume E = {e} and A = {5}. Let be an algebraically 
closed (E, A)-field such that "K^ = IK, and let 5" = !K(a;)E,A, where x G 
U, ex = and 6x = 1. Let M{y) G 3{'^{y}E,i- For a e 3", let a = 

p{x) + Sj J ^ ''fi.y -^^^^ ^ ^[x] and hi, hij G "K, be the partial fraction 

decomposition of a. Then, M{a) G 63^ if and only if M{hi^i) = for all i. 

Proof: The only terms in the above representation of a not in 53" are 
those with j = 1. Since SM{y) = M{6y), if j > 1, M{jJ^) G 59^ be- 
cause G 53^. Therefore, the condition M(a) G 53^ is equivalent to 
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M(Ei , J e 57. Since 
(x - hi) 



{x - hi) {x - hi) {x 

(x-hi) {x-hi) 



by induction ^ = -t^ttt + an element of 63^. By the linearity of M, 



M(a) G 63^ is equivalent to Sj - — ^^7^ G 55". This is true if and only 

[x - hi) 

if M{hi^i) = for all i since all the ^^7^ are linearly independent over J{ 

modulo 53^ (Corollary [533]). ' □ 

The next two results establish procedures for the construction of all G^- 
extensions under the condition E = {e}. 

Proposition 4.80 Assume E = {ej and A = {6}. Let J{ be an (E, A)- 

field, and let h E "K. Let li be (E, A) -universal over "K. Let L{y) G 
IK^{?/}e,i of positive order n with the coefficient of the highest order term 
equal to 1. 

L There exists a Eli be an (E, A)-2;ero of — (5/i]e,a C 3i{y}E,A such 
that a,ea, . . . , e"~^a are linearly independent over (!K(a)E a)^ modulo 
5((JC(a)E,A) 

2. There exists b E U be an (E, A) -zero of M = [6y — a, L{y) — h]E,A C 
'K{a)E,A{y}EA- 

Put 3^ = '}i{a)E,A and S = 3^{b)E,A- Then, S is an E-strongly normal 
extension of 3^, and £ = [L]e is the defining E-ideal of c{G{S/3^)) ^ G^. 

Proof: Let a G U be an !K-generic (E, A)-zero of [L{y) — (5/i]e,a- Clearly, a 
satisfies 1. To show there exists b E U that satisfies 2, [121 Lemma 5 and 6, 
page 137] will be applied to show that M is a proper prime(E, A)-ideal. Since 
U is (E, A)-universal over "K, there exists an (E, A)-zero 6 G 11 as required. 

To apply [m Lemma 5, page 137], {6y — a, L{y) — h} must be an coherent 
autoreduced set of M relative to some fixed ranking. It is clearly autoreduced. 
The coherence of the follows by letting L'{y) = L{y) — e^y and computing 

6{L{y) -h)- e"(5?/ - a) = 6L'{y) + e"a - 6h 

= 6L'{y) + e"a - 6h - {L{a) - 6h) = 6L'{y) - L'{a) = L\5y - a). 

To show M is a proper (E, A)-ideal, assume that it is not. Then 1 G M. 
Since 1 is partially reduced with respect to {5y — a, L{y) — h}, [12j, Lemma 
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5, page 137] implies that 1 G {Sy — a,L{y) — h) C 'K{a)E,A{y}E,Ay which is 
impossible because 1 is reduced with respect to {6y — a, L{y) — h} and is 
not zero. To show M is a prime (E, A)-ideal, since the separants and initials 
of a coherent autoreduced set are 1, it is sufficient to observe that the ideal 
{6y — a, L{y) — h) is prime by Lemma 6, page 137]. It is well known that 
an inhomogeneous linear ideal is prime. 

Next, = follows from 1 and Proposition 15.961 since 5{e^h) = e^a for 
= 0, . . . , n— 1 and the set b,eb, . . . , e"'~^b generate S as a field extension of 3". 
Beca use S is (E, A)-generated by a A-primitive element over 3", Proposition 
14. 731 implies the S is E-strongly normal over 3". Since L{a) = Sh, Proposition 
14.761 implies L{y) e £. Suppose th ere w here a linear M G £ of lower order 
than L. Then, again by Proposition 14. 761 there exist / G 3" such that M{a) = 
6f. Then, M{b) — / is a A-constant in 3". Therefore, M{b) = /i G 3". 
However, by Proposition 15. 96^ 1, b,eb, . . . , e"~^6 are linearly independent over 
5". This contradiction shows that L is linear of minimal order in £. Therefore, 
^ = [L]e. □ 

One may apply this proposition to the example of the introduction. 
Let = C(t, a;, cost, sint) (et = l,ex = 0,6t = 0,6x = 0), h = 0, 
7 = cost/ sint, a = sint/x G IK, and let L{y) = ey — jy & !K^{y}E,i- 
Then a is an (E, A)-zero of [L{y)]E^A, and a is linearly independent over 
(K:(a)E,A)^ = (K:)^ = C(t, cost, sint) modulo S{^{a)E,A) = ^i^) by Corol- 
lary EHSl Let b = log X sint. Then b is an (E, A)-zero of [6y — a,L{y)]E^A- 
By Proposition I4.80[ S = IK(6)e,a is an E-strongly normal extension of 
5" = 'K{a)E,A, and [L(?/)]e is the defining ideal of the Galois group in G^. 

The following corollary reformulates the previous proposition so that 
other examples may be constructed easily. 

Corollary 4.81 Let F be an (E, A)-field, let h E F, and let di,...,dn G 

F^ C IX. Let L{y) G F^{?/}e,i of positive order n with the coefficient of the 
highest order term equal to 1, and, for i = 1, . . .n, let ei E be an A-zero 
of 6y — di E F{y}^. Assume 

1. di, . . . ,dn are linearly independent over F^ modulo 6F, 

2. there exist rii,...,rin G F^ such that r7i,...,?7„ are E-zeros of L{y) 
linearly independent over F^'^, and 

3. there exist an {E, A)-zero t] E F of L{y) — h E F{y}E,A- 

Let b = r] + TjirjiCi. Then -F(6)e,a is E-strongly normal over F, and 
c{G{F{b)E,A/F)) C IS defined by the E-ideal £ = [L]e. 
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Proof: The assumptions of the proposition are satisfied by taking IK = F, 
J = F and a = 5?7 + S rjidi G F. Clearly 

L{a) = L{6b) = 6{L{b)) = 6{L{r] + S,r/,e,)) = 6{L{r]) + EMv^e^)) 
= 6{L{r]) + J:Mv^)e^) = 5{L{r,)) = 5h 
shows that a is an (E, A)-zero of [L{y) — 5/i]E,A- The computations 
5h = 5{ri + T^iriid) = 6r] + T.i'qidei = 6r] + T^iTjidi = a 

and L{b) = L{rj + T^iTjiei) = Lirf) + T,ieiL{r]i) = Lirf) = h demonstrate the b 
is an (E, A)-zero of [6y - a, L{y) - /i]e,a C F{y}E,A- 

It remains to be shown that a,ea, . . . , e"~^a are linearly independent 
over F^ modulo 6F. Since di,...,dn are linearly independent over F^ 
modulo 6F, Proposition 15.961 implies that (-F(ei, . . . , e„)E,A)^ = and 
ei, . . . , e„ are algebraically independent over F. Because rji, . . . ,rin are lin- 
early independent over F^'^, the matrix {e^~^rij)i-i^,,,^n:j=i,...n is invertible 
[121 Theorem 1, page 86], and, therefore, the map ip of F{ei, . . . , e„)E,A de- 
fined by ip{ei) = e^'^rjjCj is an automorphism of F{ei, . . . , e„)E,A over F. 
The composition p of this automorphism with the translation that sends 
(p{ei) to e^'^T] + (p{ei) is an automorphism of -F(ei, . . . , e„)E,A such that 
p(ej) = e*~^?7 + e^~^r}jej. Therefore, p(ei), . . . , p(e„) are also algebraically 
independent over F, and (F(p(ei), . . . , p(e„))E,A)'^ = F^- Proposition [5l6] 
imphes that (5(p(ei)), . . . , 5{p{en)) are hnearly independent over F^ modulo 
5F. The observation that for each i 

= 6e'~^r] + Tjj e'^^rjjdj = e'~''^{6r] + Sj rjjdj) = e'~^a 
completes the proof. □ 

A particularly simple example may be obtained by taking, in this last 
corollary, F = C{t,x) {et = l,ex = 0,6t = 0,6x = 1), di = l/{x — i) for 
i = 0, . . . , — 1, Cj = ln(x — i),L = e^y, h = and r] = 0. By Corollary 15. 93^ 
l/{x — i) for i = 1, . . . ,n are linearly independent over C(t) modulo 6F. Let 
?7i = 1, . . . , ?7„ = t"'~^ be a fundamental system for e'^y, and let 

c = Inx + t\n{x - 1) H h t""^ ln(x - (n - 1)). 

Then, F(c)e,a = F(c, Inx, . . . , ln(a; — (n — 1)), and F(c)e,a is E-strongly 
normal over C(t, x). The operation of an element g = ao+toi + . . .+t"~^an-i 
of Galois group 3[e'»j/]E = {f G V | e"f = 0} = {ao + + • • • + | 
aj G C} is defined by gc = (ao + Inx) + t(ai + ln(x — 1)) + ■ ■ ■ + f^'^^an-i + 
ln{x — (n — 1)). If f = X, 7] may be taken to be Then 

c = rx/(n)! + Inx + tln(x - 1) H h r"Mn(x - (n - 1)), 

and the Galois group is the same. 
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4.2 G|^-extensions 

Denote the multiplicative (E, A)-Q-group [131 pag^ 28] (relative to IX) by 
the symbol G^^. The elements of Gj^'^ those of U*, and its group 
structure is that of the field U under multiplication. Similarly, will 
denote the multiplicative E-Q-group (relative to %) with elements those of 
%*. Let K G 5^(11*) be the canonical coordinate function on G^^. Then, 
Sik/k G 5^(11*), and the E-J'-mapping lA = {5ik/ . . . ,5mi^/ k) : G^'^ — >■ 
(^m^)'" I12i Proposition 6, page 129] is the logarithmic derivative on G^^ 
relative to A [T2| Example 2, page 352]. By [13, Proposition 3, page 89], it 
is an (E, A)-3'-homomorphism. The kernel of /A is the (E, A)-3'-subgroup 
consisting of (E, A)-zeros of the (E, A)-ideal [5iy, . . . , SmV] C 3'{y}E,A and 
can be identified with relative to the E-universal field %. 

Definition 4.82 An element a & M* is A-exponential over 5" if 
(a^-'^^io;, . . . , a^^5mCi) G 5"™; that is, if for suitable elements ai, . . . , am. G 5", 
a satisfies the system of differential equations 

5ia = Qia {I < i < m). 

Let a be A-exponential over 3", and suppose that the field of A-constants 
of 5'(a)E,A is C (= 3^^). For any isomorphism a of 3'(q;)e,a over 3" and 5 G A, 

= {aa)~^a[—a~^Sa a~^aa + a~^5{aa)] = ~a~^5a + {aa)~^5{aa) 
= ~a~^5a + a{a~^Sa) = ~a~^Sa + a~^5a = 0. 

Therefore, 

lA(a^^aa) = {{a~^ aa)^^ 5i{a^^ aa) , . . . , {a^^ aa)^^ Smio!~^ aa)) = 0. 

Hence the element c{a) = a^^aa is in the kernel of /A and is a A- 
constant. Just as in the case of an element A-primitive over 3", 3^ (a) is 
E-strongly normal over 3" because 

9'(a)E,A'^(5'(")E,A) = 5'(a)E,A3^(^«)E,A 

= 3'(a)E,A3^(« ■ c((t))e,a = 3'(a)E,AC(c(o-))E,A- 

The mapping c : G(3'(a;)/3') G^ is clearly a group homomorphism. It 
is injective because 1 = c(cr) = a~^aa implies a = aa and a = idgr^Q,)^,^. 
This proves the first part of the fo llowing proposition, and the remainder is 
a special case of Proposition 13.641 
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Proposition 4.83 Let a be a A-exponential over J', and suppose that C = 
(5'(q;)e,a)^- Then, each {E, A) -3^ -isomorphism a of 5'(a)E,A i'n.to IX is 
of the form aa = a ■ c{a) for c(cr) E %* . In addition, 9^(a)E,A '^s E- 
strongly normal over J, and the mapping c : G{'J{a)/3^) — defined by 
c{a) = a~^oa for a G G{3^{a) /3^) is an injective E-Q-homomorphism of E- 
groups relative to the E-field %. Consequently, ?'(a)EA is a G^-extension 
of 3^. 

Proposition 4.84 Let G be a connected E-Q-subgroup of G^. Let ^ the 

prime E-ideal m C {y}-^ defining G. Let h be a generic zero in U of ^a,£; C 
^{2/}ea- -^^^ ^ ~ lAh/h. Put 3"= Q{a)E,/i, and S = 3^{b)E,A- Then S over 
5" is an E-strongly normal extension with Galois group G. 

Proof: This is a special case of TIieorem l3.66[ □ 

The E-subgroups of G^ are the algebraic subgroups /i,. = {v E G^ \ v'^ = 
1} for every positive integer r and Gx: = {vE V* \ L{lE{v)) = for L{y) e 
£} where £ C 3^{y}E is a linear E-ideal |ll Chapter 4]. For /is C /i^, it is 
necessary and sufficient for s to be a divisor of r, and, for Gi^ C G^', it is 
necessary and sufficient for £ ^ Additionally, each subgroup of the form 
Gti is connected and contains fir for each r [U Chapter 4]. 

The following proposition exhibits the Galois correspondence even if C = 
5"^ is not constrainedly closed. 

Proposition 4.85 Assume that S is an E-strongly normal extension of "J 
that is (E, A) -generated over 3^ by a A-exponential b over 3". Let G = 
Gal(S/3') C V* be the Galois group. 

1. If G = fir, then each E-Q-subgroup H is E-C -isomorphic to fig for 
some divisor s of r, and = 3'(&*)e,a- 

2. If G = Gfi, then each E-Q-subgroup H is E-C-isomorphic to either 
fig for some positive integer s or Gj^r such that £ C If H = fig, 

= 9^(&0e,a. If H = G^,, = 3^meb/b)LeC')EA- 

Proof: Let a G G^. Proposition 14. 831 implies = C^for some ( G %*. If a 
leaves 3'(6*)e,a invariant for some positive integer s, then a^b'^) = {o'{b)Y = 
{(b)'^ = C^b^ implies = 1 and cr* = id. Therefore, a E fig- If o" leaves 
3^{{L{eb/b) LeL')E,A invariant, since a{b) = (b, for each L G 

L(eC/C) = L{e{Cb)/{Cb) - eb/b) = L{e{Cb) / (Cb)) - L{eb/b) 
= L{t{a{b))/a(b)) - L{eb/b) = a{L{eb/b)) - L{eb/b) = 0, 
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and cr G G^. 

If G = /ir, each El-subgroup H = /i^, for s a divisor of r, clearly leaves 
invariant If (6*)e,a- Conversely, by the above result, if an element of G leaves 
5'(6**)e,a invariant, it is in H. 

If G = and H = fig, then the last paragraph shows that S'^ = 
9^(&*)e,a- If G = Gjc and if = G^', then if leaves invariant 3^{{L{eb/b)Lec')E,A 
because, for a E H 

a{L'{eb/b)) = L'{e{a{b))/ab)) = L'(e(C6))/C6) 

= L'{eb/b + eC/C) = L'{eb/b) + L'(eC/C) = L'ieb/b), 
the (E, A)-field 3^{{L'{eb/b))L'eL')E,A is invariant under G^/. From the result 
in the first paragraph of this proof, = 3^{{L{eb/b)L^a)E,A- '-' 

The following proposition characterizes certain E-exponential Gj^-extensions 
by the structure of 5". 

Proposition 4.86 Let A = {6}, let A = {6}, and let S be an E-strongly 
normal extension of 3" that is (E, A) -3^ -generated by a transcendental A- 
exponential c over 3". Let a = 5c/ c, let i = {L{y) G C{?/}e,i | L{ea) G 
53^}, and let La = [La,i]E- Then Gal(S/3') = G£,„ 

Proof: By Proposition [Ml Gal(g/3^) C Gj^, and, since c is transcendental 
over J", Ga l(9/?") = Gc for some E-ideal £ C C{?/}e- Let a G G^. Propo- 
sition H]83] implies cr(6) = C& for some ( G G^, so that L{e(/C) = for every 
Liv) G £. 

Let b = ec/c. Clearly, 6b = ea. Let L{y) G £ of degree one. Then L{ec/c) 
is invariant under all elements of G because 

a{L{ec/c)) = L{{ea{c))/a{c)) = L{e{Cc) / {(c)) 

= L{ec/c + eC/C) = Hec/c) + L{e(/0 = Liec/c) 
Thus L{ec/c) G 3", and L{ec/c) = f for some / G S. The computation 

L{ea) = L{6b) = 6{L{b)) = S{L{ec/c)) = 6f 

shows L G La, and L C La since L is generated by elements of degree 1. 
On the other hand, let L{y) G La^i- Then L(ea) = 6f for / G 5", and 
— / is a A-constant because 5{L{b) — f) = L{6b) — 6f = L{ea) — 6f = 0. 
Therefore, L{b) - / G C C 3", and L{b) G 3". Hence, for all a G G^,, 
a{L{b)) = L{b), and the computation 

L{ev/v) = L(cr(ec/c) — ec/c) = L(cr(ec/c)) — L{ec/c) 

= a{L{ec/c)) - L{ec/c) = (y{L{b)) - L{b) = 
shows L{y) G £ and L ^ La since is generated by elements of degree 1. □ 
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Corollary 4.87 Let "K be an algebraically closed (E, A) -field such that "K^ = 
%, and let "J = !K(x)e,A; where x E U, ex = and 6x = 1. Then, there 
is no E-strongly normal extension of 5" that is {E, A) -generated by a A- 
exponential over 5" and has Galois group E-'K-isomorphic to G^. 

Remark 4.88 This remains true if the hypothesis that be an algebraically 
closed is omitted; the following proof must be modified to take the structure 
of irreducibles into account in the partial fraction decomposition. 

Proof: Assume that such an E-strongly normal extension S of 3" exists. 
Let 6 G IX be a A-exponential over 3" such that 5b = ab for a G 3", and 

S = 3'(&)e,a- Let ea = p{x) + Sjj ^'•^ . for p{x) G !K[x] and hi, hij G IK, 

be the partial fraction decomposition of ea. 

By Proposition 14.861 since the Galois group is G^, there does not exist 
a non-zero L{y) G IK{|/}e,i such that L{ea) G 55". If all of the hi^i = 0, then 
ea G 53", and L[ea) G 63^ for L{y) = y. If there exists a non-zero hi i, there 
exists a non-zero L{y) = 



hi,i 


^2,1 • 




y 


e/ii,i 


e/i2,i . 


ehr^i 










V 

e y 



G IK{?/}e,i such that the finitely many hi^i span over !K^'^ the linear space 
of E-zeros of L{y). By Lemma [4. 79 [ since L{hi i) = for all i, L{ea) G 55". □ 

The following proposition shows how to construct an E-strongly normal 
extension for a given connected E-subgroup of G^. 

Proposition 4.89 Assume E = {e} and A = {6}. Let the {E, A) -field U 
be (E, A) -universal over the {E,A)-field D of A -constants. 

1. Let = {t; G Gj^ I M{ev/v) = 0,M{y) e be a connected E- 
subgroup of Gj^ defined over an [E, A)-subfield D C where L{y) G 
2^{|/}e,i of positive order n with the coefficient of the highest order 
term equal to 1 and L = [L]-^. 

2. Let the {E, A)-field C C be a strongly normal extension of D, 
considered as an E-field, that is E-generated over T> by a fundamental 
system 1, r^i, . . . , rjn of E-zeros of L{ey). 

3. Let the {E, A)-field S C be finitely A-generated over G^, satisfy 
the condition = C^, and contain the elements that are 
assumed to be linearly independent over modulo 5'B. 
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4- Let 3^ = e ■ S, and let f E 3^. Let t] e 3^ be an {E,A)-zero r] of 
L{ey) - / e 3^{y}EA- 

5. For each i = 1, . . . ,n, let Qi E IX^ be a S-primitive of fi, i.e. Sgi = fi. 

6. Let % = 3^{gi, . . . ,gn)E,A' ^^'^ "K-generic (E, A)-zero of 

N =[6y- {67] + S riifi)y, ey - (er^ + S er]^gi)y]E,A C 'K{y}E,A- 

Vi^G ^^=e-S ^ = 3'{gi,...,gn)EA 



D , D.'B . 'D'B{g,,...,g^)E,A 



eE = s^ . f^e'B ^ 'B{g,,...,gn)EA 

Then 3'(c)e,a E-strongly normal over 3" with Galois group Gfi. 

Remark 4.90 If the elements of the {E, A) -fields in the proposition are of 
analytic functions of two variables, c may be taken to be exp{ri + S r]igi). 

Proof: Since 'B{gi, . . . ,5'„)e,a and C are linearly disjoint over = "B^ [121 
Corollary 1, page 87], 'B{gi, . . . , (7„)e,a and 3" are linearly disjoint over S [15l 
Proposition 1, page 50]. Since that /i, . • . , /„ are are assumed to be linearly 
independent over modulo 6'B, Proposition 15.961 implies 1, gi, . . . , gn are 
linearly independent over B which, by t he lin early disjointness, are also lin- 
early independent over 3". Proposition 15.961 implies are linearly 
independent over 5"^ modulo 63^, gi,...,gn are algebraically independent 
over 3^ and = J^. 

Let a = 6ri+T, rjifi (g 3^) and b = er^+S erjigi (g !K). Clearly, ea = 6b. For 
any orderly ranking, the set {6y — ay, ey — by} is coherent and autoreduced 
because e{6y — ay) — 6{ey — by) = 0. By [121 Lemma 5, page 137], is 
prime. No polynomial non-zero p{y) G 3i[?/] C 'K{y}E,A is contained in 
because if p{y) G N then because p{y) is partially reduced with respect to 
{6y — ay, ey — by} [121 Lemma 5, page 137] implies p{y) G {6y — ay, ey — by). 
This is impossible since p{y) is reduced and non-zero. By taking p{y) = 1, 
the argument above shows is proper. Therefore, there exist a nonzero 
(E, A)-zero c G U that is not algebraic over J{. This and the fact that 
J{[c] = 'K{c}e,a imply that c is transcendental over !K. 

The Wronskian matrix (e''r7j)j=i ... „ is invertible because erji, . . . , erj^ 
is a fundamental system of zeros for L{y). Therefore, the following system 
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of linear equations obtained by repeatedly differentiating b = er] + Hitrjigi by 
e may be solved for (^i, . . . , 

b = er] + T.it7]igi 
eb = e^T] + T^ie^rjiQi 

Because r] E 3^, 3^ib, eb, . . . , e"~^6) = 3^{gi, . . . , gn)- From this and the fact 
that b = ec/c G 3^\c)e,a, all € 3^{c)e,a- Since gi, ■ ■ ■ , g-n are algebraically 
independent over 5", so are b,eb, . . . , e^~^b. Because 5(e*6) = e*((56) = e*(ea) = 
e^+^a, Proposition 15.961 implies ea, . . . , e"a are linearly independent over 3"^ 
modulo 55". 

To show (9'(c)e,a)'^ = S""^, since = IK^, (:K(c)e,a)^ = must 
be proved. Let a G IK(c)e,a be a non-zero A-constant. First assume a G 
3^{c}a,£; = !K[c]. Since c is transcendental over "K. one may uniquely write 
a = Qrd' + ar^id'^^ + . . . + where 7^ and G J{ for i = 0, . . . , r. Then 
(5a = ArC^ + Ar-id"'^ + . . . + Aq where Ai = 6ai + moj for i = to r. Since 
5a = and the powers of c are linearly independent over "K, it follows that 
Ai = foT i = 0, . . . ,r. By Corollary 15.1 OOj G 3" for z = 1 to r. Therefore 
ea^/ar G 5", and 6{ear/ar) = e{6ar/ar) = e{—ra) = —rea which unless r = 
contradicts the linear independence of the family ea, . . . , e^a over 3"^ modulo 
53". Hence, a = oq G 9^^. Similarly, if 1/a G :K[c], then 1/a G 9^^. 

Second, if neither a nor 1/a is in 5{[c], let a = A/B where A and B 
are in CK[c] of positive degree such that A has the minimal degree among 
all such choices of A and B. It may be assumed that 6B 7^ because 
otherwise 6A = and A e :K^. Since 6a = 0, A/B = SA/5B. Write 
A = arC^+, . . . , +ao, flj G for z = to r, and B = bsC^+, . . . , +60, h G IK 
for z = to s. Both ao and 60 may not be because then the numerator and 
the denominator of a may be divided by c resulting in a fraction representing 
a with a lower degree numerator. If 60 = and ao 7^ 0, divide the numerator 
and the denominator by oq, then the derivatives of both have no constant 
terms and may be divided by c again to produce an equivalent fraction with 
lower degree numerator. If 60 7^ and oq = 0, apply the same reasoning. 
If 60 7^ and ao 7^ 0, from 6gf = g6f, by comparing zeroth degree terms 
in c, it follows that 5&oao = &o5ao. Therefore 5(ao/&o) = 0. Divide the 
numerator and the denominator both by b^. The zeroth degree terms in c 
of both the numerator and the denominator are A-constants. Differentiate 
them and divide both by c to produce an equivalent fraction with lower 
degree numerator. So, a G 5"^. 

Since c is a A-exponential over 9^ and (9'(c)e,a)^ = 3"^, Proposition OH] 
implies 5'(c)e,a over 3^ is E-strongly normal. It remains to show that the 
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Galois group G of 5'(c)e,a over 3" is G^. Because c is transcendental over 3", 
G is not finite, and G = Gjyi for some linear E- ide al M C 3^^{y}E- Since it 
may be verified that L(ea) = 5f, Proposition 14.861 implies L{y) G M. For a 
linear M{y) G M, the same proposition implies M{ea) = 6h for some h e3^. 
Then M{h) - /i G 3^^ C 9^, and M{h) = hhrhe3'. Since 1, 6, e6, . . . , e"-i6 
are linearly independent over 3", M{y) has order greater than or equal to the 
order of L{y). Hence {L(?/)}e = M = £, and G = G^. □ 

A particularly simple example may be obtained by taking, in Proposition 

Wm D = C, L = e"?/, e = with et = 1 and 5t = 0, S = C(x), 
5" = C(i(:, x), Tji = f for i = 1, . . . , n, /, = l/{x + i — 1) for i = 1, . . . , n, 
= ln(a; + i — 1) for i = 1, . . . ,n and 77 = 0. A fundamental system of E- zeros 
of e^'+^y is 1, t, . . . , t". By Corollary [5331 l/(x), l/(x + l), . . . , l/(x + n-l) 
are linearly independent over C = modulo 6'B. Then, a = t/(x) +tV(a; + 

1)H |-r/(a; + r2-l), and 6 = ln(a;) + 2tln(a; + l)H hnt""^ ln(a; + n-l). 

One may take 

c = exp(tlnx + f \n{x + 1) H h ln(x + n - 1)). 

Then, 3'(c)e,a = 9^(c, Inx, . . . , ln(x + ri — 1))), and 3^{c)e,a is E-strongly 
normal over 5". The operation of the Galois group G[^ny^j^ = {ti g V* | 
e"'{ev/v) = 0} = {exp(ao + tai + . . . + t"a;„) | ctj G C} on c is induced by 
addition in the exponents. If / = x, 77 may be taken to be t"'~^^x/{n + 1)!. 
Then, 

c = exp(r+^x/(n + 1)! + t In x + ln(a; + 1) + ■ ■ ■ + T ln(a; + n - 1)), 
and the Galois group is the same. 



5 Appendix 

Throughout this section, let A = {6}, and write 6w as w' for some A-ring 
element w. The following proposition and its corollaries determine the A- 
zeros of 6y — a from the factorization of a. 

Proposition 5.91 Let R be a A-ring that is a factorial domain of char- 
acteristic zero. Extend 6 to a derivation of the quotient field Q of R. For 
any a write the reduced fraction a = Up^' /UqJ'^ where the Pi and qj 
are non-associate irreducible elements of R and the Ui and ruj are positive 
integers. If q'j ^ (qj), then qj is in the denominator of the reduced fraction 
of a' with an exponent of nij + 1. 
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Proof: Examine the numerator of a': 



The only term not divisible by g™^ is {Ilp^')mjqjq^^ ^11^^^^™'°. So the power 

of Qi in the factorization of the numerator is mj — 1. Since qf"^^ is present in 
the denominator of the derivative formula for a', in the reduced fraction of 
a' the irreducible element qj is present in the denominator with an exponent 
of mj + 1. □ 

Corollary 5.92 Let k be a field of characteristic zero, and let k{x) be the 
rational function field in one indeterminate x such that x' = 1 and a' = for 
every a & k. For any a G k{x), write the reduced fraction a = Up^' /Uq^^ 

where the Pi and qj are different irreducible elements of k[x] and the Ui and 
rrij are positive integers. If one rrij = 1, a is not a derivative of any element 
of k{x). 

Corollary 5.93 Let U be A-universal extension of the constant field G . Let 
X E U be a A-zero of y' — 1 G C{?/}a. For i = 1, . . . ,n, let Pi{x) G C[x] 
be non-associate and irreducible. Then the reciprocals of the pi are linearly 
independent over C modulo (C(x))'. 

Proof: Express any linear combination TjiCi/pi{x) (q G C and all q 7^ 0) of 
the reciprocals of the Pi{x) over C as a rational fraction a in reduced form. 
Since the numerator is not divisible by any Pi{x), the denominator of a h as 
each Pi{x) as a factor with exponent exactly 1. Now apply Corollary 15.921 □ 

In the proof of the next proposition, the following order on polynomials 
will be utilized. (See [H Lemma 3, page 58] for a similar argument.) Let 
Zi, . . . be algebraic indeterminates over 3". Let g G ^^[zi, . . . , and let 
d be the degree of g in the indeteminates -Zi, . . . ,Zn, with the convention 
deg = — 1. Write g = Timc^mM where the M are monomials in 2:1, . . . , 2;„ 
and aM & 3^- Let c{g) denote the number of terms ( um 7^ 0) of degree 

d in g. Define the level(5f) to be (deg g, c{g)) in the lexicographical order on 
N X N. 

Let aj G 5" for z = 1, . . . , n, and define a A-ring structure 3^[zi, . . . , z„]a 
on 3^[zi, . . . ,Zn] by z'^ = for i = 1, . . . ,n. 

Lemma 5.94 Assume that ai, . . . , a„ are linearly independent over C mod- 
ulo 63^. For each g G 3^[zi, . . . , z„]a of degree d, deg g' > d — 1. If g 
and at least one of the non-zero coefficients of a term of degree d is in C, 
then level ((?') < level (^f). 
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Proof: Write g in the form 



unN + P 

where aM, c^n & 3^, P & ■ ■ ■ ,Zn] and deg P < d — 1. Then, since 

M 

5{aMM) = 6aMM + Ej T,^^\m riiauai — 
for a monomial M of positive degree and integers n^, 

g' = SdegAf=d Oij^M + Sdeg N=d-1 {cX-'n + ^dog L=d, L=Nzi nL,NaLO'i)N + Q 

where ul^n are positive integers, Q G 3^[zi, . . . ,Zn] and deg Q < d — 1. 

Assume that a'^j ^ for at least one monomial M of degree d in g. Then 
deg g' = deg g > d — 1. If also a^j, = for at least one monomial M' of 
degree d in g, then c{g') < c{g). Therefore, level{g') < level^g). 

Assume the negative of the assumption of the last paragraph: a'^j = for 
all monomials M of degree d in g. If g ^ 0, then deg g' < deg g. Therefore, 
level (^f') < level (^f). To show deg g' > d — 1, first assume deg 5^ < 0. Then 
g E Q, and deg g' = —1 > d — 1. On the other hand, if deg g > 0, choose 
a monomial of degree d — 1 such that, for some i, Nzi is present in g, 
i.e., ttNzi 7^ 0. In g', the coefficient of A^, a'^ + T,L=NziC(LCii, is not equal to 
because ai, . . . , are assumed in 1 to be linearly independent over C modulo 
y. This proves deg g' = d — 1. □ 

Lemma 5.95 Assume that ai, . . . , a„ are linearly independent over G mod- 
ulo 63^. The A-3^-ring 3^[zi, . . . , Zn]A is ^-simple, i.e., has no proper non- 
trivial A-ideal. 

Proof: Let ^ C 3^[zi, . . . , Zn]A be a proper A-ideal. Assume there exists 
a nonzero element of Let g & ^ have the lowest level of all nonzero 
elements of Since $ is proper and, therefore, has no non-zero elements 
of degree 0, d = deg g > 0. Multiply g hj a. non-zero element of to 
ensure that one of the terms of degree d has 1 for a coefficient. This new 
no n- zero element, which again is denoted hj g, is also in ^ and has level 
less than or equal to all of the non-zero elements of By Lemma I5.94[ 
level(5f') < level{g). Since g' E g' = 0. However, by the first part of the 
same lemma, — 1 = deg g' > d — 1 > since d > 0. This contradiction shows 
^ is the zero A-ideal. □ 

Proposition 5.96 Let U be A-universal extension of the A-fieldJ, and let 
C = 3^^. For i = 1, . . . ,n, let G 3", and let 6j G U 6e such that h[ = ai. 
The following four conditions are equivalent: 

1. ai, . . . , are linearly independent over C modulo 53^ , 
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2. bi, . . . ,bn are algebraically independent over 3^, and 3^{bi, . . . , &„}a is 
A-simple, 

3. 1, 6i, . . . , bn are linearly independent over 3^ , and {3^{bi, . . . , 6„}a)^ = C, 
4- 1, 6i, . . . , bn are linearly independent over 3", and . . . , &„,)a)^ = C- 

Proof: 1 =^ 2. Define a A-ring structure ff'f-Zi, • • • , -2n]A on IFf-Zi, . . . , -Zn] 
by z[ = tti for i = 1, . . . , n. Clearly, . . . , 2;„}a = J'f^i, • • • , 2„]a- To 

show 3^{bi, . . . , &ri}A = J'i^i, • • • 5 &n]A IS A-simple, define a surjective A-iF- 
homomorphism p : IFf^;!, . . . , z„]a ^ S^l^i, • • • , ^n]A over 5" by p(zi) = for 
z = 1, . . . , n. Then p is a A-3'-isomorphism becau se the kernel of p, which is 
a A-ideal, must be the zero ideal by Lemma [5.95[ Therefore, 3^{bi, . . . , 6„}a, 
the codomain of p, also has no non-trivial A-ideal, and 6i, . . . , 6„ are alge- 
braically independent over "J because zi, . . . , 2„ are algebraically independent 
over 5" and p{zi) = bi for every i. 

2 =^ 3. Let g he a. non-zero element of {3^{bi, . . . ,&n}A)^- Because g 
is a A-constant, (g) C ff'jfoi, . . . , fe„}A is a A-ideal and must be the unit A- 
ideal by 2. Because, by assumption, . . . , &n}A is a polynomial ring in 
the algebraically independent indeterminates bi, . . . ,bn, g € 3^ and (7 G C = 
5"^ . That bi, . . . ,bn are algebraically independent over 3" clearly implies that 
l,bi, . . . ,bn are linearly independent over 3^. 

3 ^> 1. Assume oi, . . . , a„ are linearly dependent over C modulo 63^, i.e., 
Sj ajOj = 5/ for ttj G C and / G 3". Since 1, 61, . . . , 6„ are assumed to be 
linearly independent over 3", the element Ej ajfoj — / (g J'j&i, . . . , fen}A) is not 
in 3" and is a A-constant of 3^{bi, . . . , 6„}a- This contradicts 3. Therefore, 
the linearly independent over C modulo 53^. This proves 1. 

3 <^=^ 4. For the non-obvious implication, assume 3. Assume g G 
Then 

o = {a G J'lfoi, . . . , 6„}a I ag G . . . , 6„}a} 

is a A-ideal because g is a A-constant. Since it is non-zero and 3^{bi, . . . , bn}A 
is A-simple, 1 G a, which implies g G J'jfei, . . . , &n}^- D 



Corollary 5.97 (The Ostrowski Theorem) If bi, . . . , bn are algebraically 
dependent over 5" and {3^{bi, . . . , 6n)A)^ = then 1, 61, . . . , 5„ are linearly 
dependent over 5". 

Proof: (See [121 Exercise 4, page 407] or [HI page 1155].) The contrapositive 
of 4 =^ 2 is that, if S^jfti, . . . , ^^Ia has a non-trivial A-ideal or 61, . . . , 6„ are 
algebraically dependent over 3^, then ■ ■ ■ ,bn)A)^ 7^ C or 1, 61, . . . , 6„ are 

linearly dependent over 3". Therefore, if 61, . . . , 6^ are algebraically dependent 
over J' and {3^{bi, . . . , bn)A)^ = 6, then 1, 61, ... , 6„ are linearly dependent 
over 5". □ 
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Corollary 5.98 Let U be A-universal extension of the constant field G . Let 
X & U be a A-zero of y' — 1 E G{y}A- For i = 1, . . . ,n, let Ci E G such 
that Ci 7^ Cj if i ^ j, and let hi E U. be a A-zero of the A-polynomial 
y' ~ ^if^ £ C(3;){2/}a- Then are algebraically independent over 

e(x), and (e(x)(6i,...,6„)A)^ = e. 

Proof: By Corollary 15.931 with irreducible Pi{x) = x + Ci for i = 1, . . . ,n, 
^jrp^, . . . , ^^q^ are linearly independent over C modulo 6{G{x)). Then apply 
Proposition I5.96[ □ 

Corollary 5.99 Assume A = {6}. Let the conditions of the last corollary 
be satisfied, let a e IF, and let ^ G . . . , &n)A be a A-zero of 6y — ay G 
3'{y}A- Then ^eJ. 

Proof: Let ^ = A/B where A,B& 3^{bi, ■ ■ ■ , bn}A where A and B are rela- 
tively prime and both A and B are not elements of 5". Then SAB — A6B — 
aAB = 0. If A ^ 3^, then A divides SA. This is impossible because then the 
proper ideal (A) C 3^{bi, . . . , bn}A would be a A-ideal, which is contrary to 
2 of the proposition. If i? ^ 3", the argument is similar. □ 

Corollary 5.100 Assume A = {S}. Let the conditions of the last corollary 
be satisfied, let a G 5", and let ^ G ■ ■ ■ ,bn)A be a A-zero of 6y — ay & 

Hy}A. Then e e 9^. 

Proof: Let ^ = A/B where A,B E 3^{bi, . . . , 6n}A where A and B are rela- 
tively prime and both A and B are not elements of 5". Then SAB — A6B — 
aAB = 0. If A ^ 3^, then A divides 6 A. This is impossible because then the 
proper ideal (A) C 3^{bi, . . . , bn}A would be a A-ideal, which is contrary to 
2 of the proposition. If B ^ 3^, the argument is similar. □ 

Definition 5.101 Let W be a A-vector space over a A- field J. Any set 
S C W «s A-linearly independent over 5" if the family {Oa)eee,a<^'E is linearly 
independent over 5". Let 01 be a A-ring. A family (aj)ig/ of elements of a 
A-overring of 01 is A -algebraically independent over 01 or, more simply, A- 
Di-algebraically independent, or A -3? -independent, if the family {9a)o^e^aei: 
is algebraically independent over 01. 

Corollary 5.102 Let XL be {E, A) -universal extension of the [E , A) -field 3^ , 
and let G = 5"^. For i = 1, . . . ,n, let ai E 3^, and let bi E U be such that 
b'i = ai. The following four conditions are equivalent: 

1. ai, . . . , On are E-linearly independent over G modulo 63^, 

2. bi,...,bn are Yi- algebraically independent if the family over 3^, and 
3^{bi, . . . , 6„}e,a is A-simple, 
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3. are 'E-linearly independent over 3^, and 
(3^{6i,...,6„}E,A)^ = e, 

4. l,bi,...,bn are E-linearly independent over 3", and 
(3^(6i,...,6„)E,A)^ = e. 

Proof: For each positive integer u, let ^I^(z^) be the set of monomials in E 
of order less than or equal to u. Then for each and G ^l'(z^), "ipbi is a 
A-zero of the A-polynomial y' — ipai. Since IX is clearly also a A- universal 
extension of the A-field 3", Proposition 15.961 may be applied to the families 
(#i)^6^(,,),j=i,...,n and (V'ai)^6*(;,),j=i,...,„ for each i/. 

The equivalence of the four parts of the proposition may be verified by the 
following four observations which are true because each E-algebraic relation 
only has a finite number of E-derivatives: 

1. (\l'jai)^g*(i/),i<j<n are linearly independent over C modulo 53" for all u if 
and only if the ai, . . . , a„ are E-linearly independent over C modulo 53", 

2. (\l'jai)^g*(i/),i<j<n are algebraically independent over C modulo 53" for 
all u if and only if the 61, . . . , 6„ are E-algebraically independent over 
C modulo 63^, 

3. 3'{(V'&j)?/)g*(i/),i<j<n}E,A is A-simple for all z/ if and only if 9^{6j}E,A is 
A-simple, 

4. (9'{(^6i)^gvi/(,.),i<i<„}E,A)'^ = e for all u if and only if {S^ikjEA)^ = C 

□ 

Corollary 5.103 Assume A = {6}. Let the conditions of the last corollary 
be satisfied, let 6 3", and let C, G 3(6i, . . . , 6„)e a be a A-zero of 6y — ay & 
3^{?/}a. Then ^eS". 

Proof: The proof is the same as 15.1001 □ 

The main objective of [4j by Johnson, Reinhart and Rubel is to construct 
a prime (E, A)-ideal ^ C 3^{y}E,A such that all (E, A)-zeros C G U of ^ gen- 
erate (E, A)-field extensions 3'(C) e,a over 3" that have infinite transcendence 
degree over 3". Using the techniques just developed, the next proposition 
presents new simpler examples of such prime ideals. Recall A = {6}. 

Lemma 5.104 Let z be an {E, A) -indeterminate over the [E, A)-field "K. 
Let a G ^{z)-^ and a ^ 3C. Then 

1. 1 and a are E-linearly independent over "K, 
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2. a ^ <53^(-2)e,a> ci has no primitive in IK(2;)e,A; 

3. (:K(z)e,a)^ = "K^ and 

4. a is E-linearly independent over IK^ modulo S'K{z)e,a- 
Proof: 

1. Apply Proposition 13.531 

2. Let E = {ei, . . . , e„} and choose the ranking on the (E, A)-indeterminate 
z such that the rank of 6'^e[^, ■ ■ ■ , e'!^z is (r, ri, . . . , r„) in the lexico- 
graphical order on N"^^. Extend this to a ranking of '}{{z}-e,a- For an 
element / G ^{z}e,a^ denote the separant of /. 

Let b G ^{z) E,A be represented as the quotient c/d with c, G IK{z}e,a 
and (i 7^ such that the maximum of the rank of c and the rank of d is 
the least possible among all such representations. Let w be the highest 
ranking derivative of z present in c or d. 

Suppose a = b' where 6 = c/d as above. If the rank of w = (0, . . . , 0), 
then c E "K, d E "K, c/d E "K, and a = {c/d)' G IK. Assume the rank of 
w is greater than (0, . . . , 0) and write (c/d)' = 

c' ■ d — c ■ d' Scd — cSd , terms of rank < rank w' 



If {Scd - cSd) 7^ 0, then {c/d)' ^ J{(z)e because w' i 'K{z)e. If 
{Scd — cSd) = 0, then, since c 7^ and d ^ 0, Sd because otherwise 
Sc = 0. But Sc/Sd = c/d = b is a representation of b such that Sc and 
Sd have lower rank than c and d, which is contrary to the assumptions 
on c and d. 

3. For each positive integer z/, let ^'(z^) be the monomials in E of order less 
than or equal to u. Since ('?/'2;)^g*(,y) is a finite set of A-indeterminates 
over "K and each A-constant of ^{z)e,a is in 0-C{{ilJz)^^q,(^^)) a for some 
z/, Corollary [335] implies that {:K{z)ea)^ = 

4. Every E-linear combination of a over "K is not in J{ because a and 1 
are E-linearly independent over Ji (part 1), is in 'K{z)e by assumption, 
and not in S'K{z)e,a by part 2. Therefore a is E-independent over 
[K modulo S'K{z)e,a- A fortiori, a is E-linearly independent over "K^ 
modulo S'K{z)e,a, since C "K. 

□ 



68 



Proposition 5.105 Let E be non-empty, and A = {S}. Let z be an 
{E , A) -indeterminate over the {E, A) -field "K. And, let y be an {E,A)- 
indeterminate over the {E,A)-field 3^ = 'K{z)e,a- Let a G 'K{z)e, and 
a^'K. Then for all {E, A)-zeros b of the prime {E, A)-ideal [Sy — a]E,A C 
3^{y}E,A' ^ "^^ E- algebraically independent over 3", and the algebraic tran- 
scendence degree of 9^(6) a over 3" is infinite. 

Proof: By part 4 of Lemma I5.104[ a is E-linearly independent over 3"^ = 
J-C^ mod ulo ^(J ") (See |l4i Tlieorem 5, page 59]). Tliis is tlie condition 1 of 
Corollary I5.102[ For any 6 G U that is an (E, A)-zero of the prime (E, A)- 
ideal [6y — ajs.A C 3^{y}E,A^ condition 2 of Corollary 15.1021 implies b is 
E-algebraically independent over 3". Since E is non-empty, S = 3^{b)E,A has 
E-transcendence degree one over 3^ and has infinite algebraic transcendence 
degree over 3". □ 
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